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CHAPTER I 
INTRODUCTION
In r e c e n t  years  mul t ip le  comparisons methods and problems a s s o c i ­
ated  with t h e i r  use have a t t r a c t e d  a g r e a t  deal  o f  a t t e n t i o n .  Many ex­
perimental  problems are amenable to  the use o f  m u l t ip l e  comparisons. The 
m a jo r i ty  of p r a c t i c i n g  s t a t i s t i c i a n s  a re  beginning to r e a l i z e  t h a t  in some 
cases a n a l y s i s  o f  va r iance  techniques and t h e i r  r e s u l t s  a re  only  a f i r s t  
s tep  toward th e  eventual  dec i s ion .  M ul t ip le  comparisons a re  q u i t e  often 
a proper  and d e s i r a b l e  second s t e p  in  making optimum use of  the  r e s u l t s .
In t h e  e a r l y  days of exper im en ta t ion  and c o l l e c t i o n  o f  d a t a ,  i n ­
fe rence  was l i m i t e d  to  inspec t ing the  d a t a  and making c e r t a i n  s tatements 
about the d a t a  and what i t  implied ,  based on s u b je c t iv e  judgments alone.  
But the  work of  e a r l y  s t a t i s t i c i a n s  in in t roduc ing  more s o p h i s t i c a t e d  
techniques g r e a t l y  improved the methods o f  decision-mak ing .  This does 
not mean, however,  t h a t  we should r e l y  on the se  techniques  alone  and 
f o r g e t  the  procedures  of  those who preceded them. The a b i l i t y  to  in spec t  
data  and draw reasonab le  conclusions i s  a va luab le  g i f t  which people 
possess in vary ing  degrees .  Experience i s  obvious ly  an a id  in making 
such s u b j e c t i v e  judgments.
1
2At t h i s  t ime i t  i s  again e s s e n t i a l  to understand and improve the 
theory  o f  m u l t ip le  comparisons t e s t i n g  in  o rd e r  to be able to make more 
s c i e n t i f i c  and useful  dec i s ions  in many re sea rch  des igns .  However, in 
s p i t e  o f  the importance of t h i s  s u b j e c t ,  and the g r e a t  number o f  p u b l i c a ­
t i o n s  on the  s u b j e c t ,  t h e re  remains a g r e a t  deal o f  disagreement among 
s t a t i s t i c i a n s  about th e  q u a l i t y  of  the  va r ious  m u l t ip le  comparisons t e s t s .  
This i s  expected in  a developing area o f  th e  sc ience  and hopefu l ly  th e re  
w i l l  be methods developed ev e n tu a l ly  with  which every s t a t i s t i c i a n  can 
agree .  I t  i s  a l so  to  be hoped t h a t  techniques  can be developed which do 
not  have such s t r i n g e n t  assumptions t h a t  t h e i r  a p p l i c a b i l i t y  i s  seve re ly  
1imi t ed .
Another problem in the use of m u l t i p l e  comparisons i s  t h a t  of  
knowing when such a t e s t  provides the  b e s t  choice.  I .  E. Kurtz [ 1 0 ]  
s t a t e s  t h a t  not  every  s i t u a t i o n  in which m u l t i p l e  comparison i s  po s s ib le  
i s  a s i t u a t i o n  in which m ul t ip le  comparison i s  wise.  A second e r r o r  in 
t h e  use o f  m u l t ip le  comparisons i s  the  f a i l u r e  to  choose the proper m u l t ip l e  
comparison t e s t  because o f  a la ck  o f  s t a t i s t i c a l  knowledge. There are too 
many re s e a rc h e r s  who do not r e a l i z e  t h a t  t h e i r  r e s u l t s  a re  meaningless i f  
t h e  assumptions with  the  t e s t  a r e  not s a t i s f i e d .  Perhaps the most common 
e r r o r  by p r a c t i c i n g  s t a t i s t i c i a n s ,  however, i s  t h a t  o f  making severa l  
s ta tem en ts  a t  a given a level  withou t  being s u f f i c i e n t l y  aware o f  the  f a c t
t h a t  under an overa l l  null  hypothesis  the  p r o b a b i l i t y  i s  much g r e a t e r  than
a t h a t  a t  l e a s t  one o f  the se  s ta tements  would be made from th e  o b s e rv a t io n s .
A common experimental  s i t u a t i o n  in  medical o r  hea l th  r e l a t e d  r e ­
search i s  the  case in  which the r e s e a r c h e r  a p p l ie s  a s e t  o f  d i f f e r e n t
t r ea tm e n ts  to  g g roups ,  not n e c e s s a r i l y  o f  equal s i z e s .  The r e s e a r c h e r
3of ten  wishes to dec ide which i s  th e  b e t t e r  t r e a tm e n t ,  o r  de te rmine t h a t  
t h e  evidence does n o t  j u s t i f y  making a dec i s io n  e i t h e r  way. I f  N = 2,  
t h i s  can be answered by a t - t e s t ,  or some nonparametric  t e s t  such as 
t h e  Mann-Whitney U - t e s t .  In t h i s  case one can make one o f  f o u r  p o s s i b l e  
dec i s ions :  (a) t r e a tm e n t  one i s  b e t t e r  than t rea tm en t  two, (b) t r e a t ­
ment two i s  b e t t e r  than t rea tm en t  one, (c) th e re  i s  not  enough evidence  
t o  make a d e c i s i o n ,  and (d) on r a r e  occas ions  t h e r e  i s  s u f f i c i e n t  d a t a  
to  conclude with reasonab le  s a f e t y  t h a t  th e re  i s  no e s s e n t i a l  d i f f e r ­
ence .  In an experiment in which g i s  g r e a t e r  than two, the  r e s e a r c h e r  
may want to  make th e  same s o r t  of  d ec i s ion  about  every p a i r  o f  t r e a t ­
ments.
The problem now i s  t h a t  t h e r e  a re  several  a l t e r n a t i v e s  to  choose 
from. An example i l l u s t r a t i n g  these  a l t e r n a t i v e s  i s  given below. I f  a 
s e r i e s  o f  two-sample t e s t s ,  such as a t - t e s t  or Mann-Whitney U - t e s t ,  
a r e  to be app l ied  t o  a c o l l e c t i o n  of t r e a tm e n t  means, each a t  s i g n i f i ­
cance level  a , then the  a p r i o r i  p r o b a b i l i t y  of  ob ta in ing  a t  l e a s t  one 
s i g n i f i c a n t  r e s u l t  i s  h ighe r  than a .  This d i s s e r t a t i o n  i s  concerned 
with  extending the  development o f  t e s t s  to  d e t e c t  any e x i s t i n g  d i f f e r ­
ences ,  and t o  apply t i e  techn iques  to some e x i s t i n g  problems in b i o ­
medical r e s e a r c h .  In t h i s  a r e a ,  however, th e re  a re  so many s i t u a t i o n s  
where the re  i s  no s tan d a rd  procedure a v a i l a b l e  t h a t  i t  seems worthwhile 
to  provide a d e t a i l e d  s t a t e m e n t  o f  the problem and the r e s u l t s  of  v a r ­
ious  approaches.  The l e v e l  o f  t h i s  t r e a tm e n t  i s  t h a t  of  S. S. Wilks, 
[ 2 5 ] ,  C. R. Rao, [1 5 ] ,  and D. A. S. F r a s e r ,  [ 6] .
I t  i s  e n l ig h t e n i n g  to  give a few i l l u s t r a t i o n s  to  c l a r i f y  some 
o f  the above d i scuss ion  and to  show th e  d i f f i c u l t i e s  o f  computing the
s ig n i f i c a n c e  le v e l  a s s o c i a t e d  with m u l t ip l e  comparisons.
Let g ,  th e  number of  groups,  be t h r e e .  The hypo thes i s  to  be
t e s t e d  i s  t h a t  a l l  means a r e  equa l .
The sample space can be p a r t i t i o n e d  in  a v a r i e t y  o f  ways depend­
ing on the  types  o f  d e c i s io n s  to  be made. I f  on ly  in d iv id u a l  paired
comparisons are  to be made, and those  are not dependent  on o r d e r ,  the de ­
c i s io n  fu n c t io n  induces the  fol lowing p a r t i t i o n .
|Xi - %21 *^1 ,2 , r e j e c t  = Wg»1 j
X I%1 - X3 I >
' 1
im pl ie s  / r e j e c t  y-, = y^,  }
!




X IX, -41 > h  ,3
jXj - X3 I > ^2,3
' no t  r e j e c t  = Ug»' 
implies  ^ r e j e c t  y-j
[ r e j e c t  wg = w
M3 5
iXi - Xgil > 2 f  r e j e c t  y  ^ = yg '
X 1^ 1 " X3 I -  ^1,3 1 im pl ies^ m t  r e j e c t  y.j = y^, \
1^2 " X3 I > j r e j e c t  yg = y^ >
1^ 1 ■ ^ 2 ! " h  ,2 ' r e j e c t  y  ^ = yg,
1 ^ 1^ 1 ■ ^ 3 ! ^ h  ,3 . implies r e j e c t  y^  = y^,  )
1^2 " X3 I -  ^2,3 no t  r e j e c t  yg = yg ,
''8
'
1^ 1 - Xgl > h  ,2 r e j e c t  = ^2
X 1^ 1 - X31
<
kl ,3 ' implies not r e j e c t  =
>y3.
■ tXg - X31
<
^2,3 not r e j e c t  ug “ ^3
|Xi - X 2 I < h ,2 not  r e j e c t  = ^2
X IXi - X31 > h , 3 implies 1
r e j e c t  = P3 >
: |Xg
- X31 < ^2,3 . not  r e j e c t  yg ^ ^3 '
f
iXi -  Xgl ■^1 ,2 not r e j e c t  y-j = y2
X IXi - X 31 < ^1,3
(
' implies not r e j e c t  y-| = ^3
|Xg - X31 > ^2,3 . r e j e c t  yg = U3 '
'
|Xi - Xgl < *^1 ,2 not  r e j e c t  y.| = ^2
X |Xi - X3 I < h , 3 ► implies» not r e j e c t  y-| = ^3
|Xg - X3 I < ^2,3 not r e j e c t  yg = ^3 .
Even t h i s  simple s i t u a t i o n  leads  to a v a r i e t y  o f  l e v e l s  o f  type I 
and type I I  e r r o r s .  Suppose,  f o r  example,  the fo l lowing s t a n d a r d ,  but 
n a iv e ,  p a r t i t i o n  o f  the param ete r  space  i s  assumed. The term n a iv e  i s  
used because  th e  f a c t  i s  ignored  t h a t ,  even in a d e t e r m i n i s t i c  model ,  i f  
t h e  under ly ing  d i s t r i b u t i o n s  a re  con t inuous ,  experimental  e r r o r  would 
make i t  im poss ib le  to a s c e r t a i n  whether  two means are  equal or  s imply 
d i f f e r  by amounts too small to d i s t i n g u i s h .  I f  the  r e s e a r c h e r  knows the 
leve l  a t  which he cons iders  two measurements to  be d i s t i n g u i s h a b l y  d i f ­
f e r e n t  i t  i s  p o s s ib le  to  p a r t i t i o n  t h e  parameter  space in  a manner a n a l ­
ogous to  t h a t  o f  the  sample space .  More i s  sa id  on t h i s  s u b j e c t  l a t e r .
6For t h i s  d i s c u s s io n  the  s tandard  p a r t i t i o n  i s  the  fo l lowing .
~ {(w^ J  l-*2’ Ug ) I ^1 ~ ^2 ~ Ug}
^ 2  ~  J  0 2 '  O g ^  I  O ' !  “  ^ 2 '  u - j  ^  ^ 3 ’  ^ 2  ^  ^ 3^
^3  ~ J 0 2 '  Og) I 0 1 /  ^ 2 '  U"| — u 2 ' o 2  ^ 1
~  { ( 0 ^ )  ^ 2 '  O g )  I  O ' !  /  1 ^ 2 ’  i - ' i   ^ ^ 3 ’  ^ 2  ~  ^ 3 ^
-  ( ( o " !  J  ^ 2 »  O g )  I  O ' !  /  ^ 2 )  ^  ^ 3 ’  ^ 2  ^
I f  the satr.ple i s  drawn from a p opu la t ion  whose means f a l l  in  
( a l l  means a r e  eq u a l )  then type I e r r o r s  w i l l  be committed i f  the  sample 
f a l l s  in any of the  f i r s t  seven reg ions .  In W.| t h r e e  e r r o r s  o f  type  I 
would be made, i n  W.,, W^, W^, two e r r o r s  in  ea c h ,  and in Wg, Wg, Wy one 
each. This l e ad s  t o  th e  concept ,  d iscussed  l a t e r ,  o f  e r r o r  r a t e .  I f  the 
parameter  means are in Og th e re  would be type  I e r r o r s  i f  the  sample f a l l s  
in , Wg, W^, o r  Wg, one in each case .  However, th e  s i t u a t i o n  in  Wg i s  
d i f f e r e n t  from th e  o th e r  t h r e e .  There i s  no corresponding region in th e  
parameter  space in which ^2 = Ug, = y-| b u t  y.| /  yg- Also,  the  prob­
a b i l i t y  t h a t  jX-j - Xgl > k.j g,  while \J^ " ^ 3 ! -  h  3 " X3 I - kg g,
i s  c e r t a i n  t o  be small with any reasonable  a - l e v e l s .  S imi la r  s ta tem en ts  
hold f o r  reg ions  Wg and Wy with s im i l a r  c o n d i t io n s  in  the  parameter  space.  
For t h i s  reason i t  i s  only s l i g h t l y  more c o n s e r v a t i v e ,  and c e r t a i n l y  
e a s i e r  to manage, t o  make the  dec is ion to  r e j e c t  none of  the t h r e e  e q u a l ­
i t i e s  when th e  sample f a l l s  in  Wg U Wg U Wy U Wg.
In many experimental  s i t u a t i o n s  the  s t a t i s t i c i a n  i s  conf ron ted  
with th e  fo l low ing  type  o f  problem. Let  t p  t g ,  . . . ,  tg be g d i f f e r e n t  
t r ea tm e n ts  ap p l i e d  to  as many groups. The r e s e a r c h e r  may be only i n t e r ­
es ted  in  a p o r t i o n  o f  the  p o s s ib le  comparisons. One very  common s i t u a t i o n
7occurs when g-1 of  th e  t r e a tm e n t s  a r e  compared with  a c o n t r o l .  Here,  the  
r e s e a r c h e r  wishes to make a l l  pa i rw ise  comparisons in  which the  p a i r  con­
s i s t s  of  the  mean e f f e c t  o f  the  c o n t r o l ,  and the  mean e f f e c t  o f  one of  
t h e  experimental groups.
I f  t h e r e  a re  no a d d i t i o n a l  c o n t r a s t s ,  and th e  d a t a  comes from 
normally d i s t r i b u t e d  random v a r i a b l e s  with homor lus  v a r i a n c e ,  Dunnett 
[ 3 ] has solved the problem. C er ta in  nonparametric  t e s t s  a r e  a v a i l a b l e  
w ith  s t r i c t  assumptions,  and a v a i l a b l e  f o r  more genera l  c o n t r a s t s  under 
normal i ty  assumptions.  These are d iscussed  in the  review sec t ion  along 
with  some new t e s t s ,  developed h e re ,  f o r  handl ing o t h e r  nonparametric  
s i t u a t i o n s  and more genera l  c o n t r a s t s .
Suppose again  t h a t  the  r e s e a r c h e r  has g groups .  In t e s t i n g  the 
null  hypothesis
Ho: ui = ^2 = ••■ = >^g 
with  an "overal l  " F - t e s t  we a r e  r i s k i n g  a p r o b a b i l i t y  ct o f  r e j e c t i n g  the 
hypothes is  when i t  i s  t r u e .  Assuming the r e s e a r c h e r  i s  i n t e r e s t e d  in 
making N ind iv idua l  compar isons,  the  r i s k  of  o b ta in in g  a t  l e a s t  one f a l s e l y  
s i g n i f i c a n t  r e s u l t  i s  much h igher  than  the r i s k  of  committing a type I 
e r r o r  in every s in g l e  t e s t .  For example, l e t  us suppose t h a t  th e re  a re  
g means to  be compared. Then t h e r e  a re  9(9-1) pgggible pa i rwise  compari­
sons .  To ob ta in  a crude e s t im a te  ( s im ula t ion  i n d i c a t e s  i t  i s  sometimes 
c lo se )  of  the  comparison between a and the level  a* a t  which in d iv id u a l  
comparisons could be made to  produce an overa l l  leve l  a ,  the  computat ion 
i s  made as i f  the  i n d iv id u a l  t e s t s  were independent .  That  i s .
= 1 -  (1 -  a*) g ( g - i )/2
8These values o f  a and a* have been computed f o r  s ev e ra l  va lues  of  g and 
tabu la ted  in Table 1.
TABLE 1
A CRUDE ESTIMATE OF THE COMPARISON BETWEEN a AND a*
g a a* a a* u a*
5 .01 .00101 .05 .00512 .1 .01048
10 .01 .00023 .05 .00113 .1 .00232
20 .01 .00005 .05 .00025 .1 .00051
Let us c o n s i d e r  another  example. Each i s  determined so 
t h a t  |Xj - Xjl > K^j would be an a* r e j e c t i o n  f o r  under
^0 * ^1 ^ ^2 " " •  "
When g = 2 ,  a *  i s  the usual a .  As g i n c r e a s e s  a* must d ec re a se ,
or the p r o b a b i l i t y  w i l l  be la rge  t h a t  f o r  some i , j ,  |)T,. - X". j > K .. .
I J  I J
The p ro b a b i l i t y  o f  not  r e j e c t i n g  y  ^ = y^ f o r  any i /  j  i s  given by
p r o b a b i l i t y  { |X^  -  Xj| < K^j f o r  eve ry  i , j } .
Hence the p r o b a b i l i t y  c f  r e j e c t i n g  a t  l e a s t  one i s  given by 
1 - p r o b a b i l i t y  { |X^  - X^  | f o r  eve ry  i , j } .
Now l e t  K > K^j f o r  every i , j .  We have
p r o b a b i l i t y  { |X^  - X^| < K fo r  every  i , j }  a 
p r o b a b i l i t y  { |X. - X^| < K.j f o r  every  i , j ) .
From the  above i n e q u a l i t y  we conclude t h a t
1 -  p r o b a b i l i t y  { |X. -  Xj| < K^j f o r  every i , j }  >
1 -  p r o b a b i l i t y  { jX"^  - Xj] < K f o r  every  i , j } .
9An example i s  p re sen te d  here  f o r  pu re ly  i l l u s t r a t i v e  purposes.  
Although i t  i s  c l e a r  t h a t  sample means cannot be d i s t r i b u t e d  uniformly ,  
t h i s  example i s  used because i t  has the r a re  q u a l i t y  o f  having th e  exac t  
p r o b a b i l i t i e s  easy t o  compute and d i sp lay .
Let  f(X) = { J
and « ( I )  '  i<(2 ) '' ■■■
where i s  th e  i ^ ^  o rd e r  mean
1 - p r o b a b i l i t y  {|X^ - Xj| < K fo r  every i , j }  =
1 - p r o b a b i l i t y  < K}
= 1 - g ( g - l )  / q  f_Z [F(X+Y) - F(Y)]9-2 f(Y) f(X+Y) dy d^
= 1 - g ( g - i )
r K9-1 %9 1
g -1 g
Then gK^  ^ - (g-1 ) s 1 -
1 - gK?"! + (g-1 ) i
a .
Now l e t  us f o r  given a and g compute t h e  p roper  va lue  o f  K in 
our eq u a t io n .  Let  g = 2 in the  equat ion  above.  S u b s t i t u t i n g  our value
A
o f  K in  the r e s u l t i n g  equa t ion  we have ct* = (1-K) . The va lues  a re  
t a b u l a t e d  in  Table 2.
I t  i s  easy t o  see t h a t  t h e r e  i s  one and only  one va lue  of  K,
say K*, f o r  which 0 < K* < 1 and gK^"^ - (g -1) = 1 -  a.  The level  a*
can be computed by l e t t i n g  g = 2. That i s  a* = (1 -  K*)^.
The fo l lowing i l l u s t r a t i o n  i s  a more p r a c t i c a l  one ,  where i t  i s  
p o s s i b l e  to  compute t h e  r e l a t i o n  between a and a * .  Suppose t h e r e  a re
g groups,  with  each group having n obse rva t ions .  The o b s e rv a t io n s  y^j
a re  independen t ly  and i d e n t i c a l l y  d i s t r i b u t e d  ( i . i . d . )  normally with 
mean u and va r iance  . Let Y^. be the  mean o f  t h e  i^*  ^ group.
TABLE 2
AN ESTIMATE OF THE COMPARISON BETWEEN a  AND a*  FOR GIVEN g
a - .01 a  = .025 a  = .05 a - .1
g K* a* K* a* K* ct* K* ct*
2 .90000 .01 .84188 .02500 .77639 .05 .68377 .1
3 .94109 .00347 .90570 .00889 .86464 .01831 .80419 .03833
4 .95800 .00176 .93241 .00456 .90238 .00927 .85744 .02032
5 .96731 .00106 .94725 .00278 .92355 .00584 .88776 .01259
6 .97323 .00071 .95672 .00187 .93715 .00395 .90740 .00857
7 .97733 .00051 .96330 .00134 .94662 .00284 .92117 .00621
8 .98034 .00038 .96814 .00101 .95361 .00215 .93137 .00470
9 .98264 .00030 .97185 .00079 .95897 .00168 .93923 .00369
10 .98446 .00024 .97478 .00063 .96322 .00135 .94547 .00297
n .98593 .00019 .97716 .00052 .96668 .00111 .95054 .00244
12 .98715 .00016 .97913 .00043 .96953 .00092 .95475 .00204
13 .98817 .00013 .98074 .00036 .97194 .00078 .95830 .00174
14 .98904 .00011 .98220 .00031 .97400 .00067 .96134 .00149
15 .98980 .00010 .98342 .00027 .97577 .00058 .96396 .00129
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Suppose Y(T ) < Y(2 ) < Y(,  ) s . . .  < Y(g , where Yf^ , i s  the 
order mean.The s t a t i s t i c  |Y^g j j | / (â / 'YT) i s  th e  s tuden t ized
range which f o r  given  a i s  denoted by ( n - l ) g '  o rd e r  to apply the
s tuden t ized  range  f o r  given a to  determine th e  ind iv idua l  p r o t e c t i o n  
l e v e l ,  a * ,  th e  fo l lowing s t e p s  are taken:
<’ > \ , { n - l ) g
<2)
(3) c o n s u l t  t h e  s t u d e n t - t  t a b l e  to f in d  a*.
Let n = 2 5 .  Table 3 gives the  value of  a*  f o r  given va lues  o f  a .
TABLE 3
AN ESTIMATE OF THE COMPARISON BETWEEN a AND a*
FOR GIVEN g WITH SAMPLE SIZE = 25
g = 5 g = 10 g = 20
a = .05 a* = .007 a *  = .0016 a* = .0005
a = .01 a* = .0013 a *  = .0004 a*  = .00085
An e s t i m a t e  o f  t h e  comparison between a * ' s  o b ta ined  in Tables 
1, 2, and 3 f o r  given  a  and g are  given in  Table 4.
Two examples are now given which i l l u s t r a t e  th e  need fo r  the  
new methods d i scu ssed  in t h i s  d i s s e r t a t i o n .  The in fo rm at ion  i s  given 
in  Table 5.  In t h e  t a b l e  the  columns r e p r e s e n t  the  age groups as shown 
and the rows r e p r e s e n t  calcium l e v e l s  o f  the  blood.  The number in  each 
c e l l  r e p r e s e n t s  t h e  number o f  persons who f e l l  i n t o  t h a t  ca tego ry .  The 
groups s tud ie d  c o n s i s t e d  o f  w hite  females on ly .
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TABLE 4
COMPARISON BETWEEN a * ' S OBTAINED IN TABLES 1 ,  2 AND 3
g = 5 g = 10 9 = 20
a*  = .00512 .00113 .00025
3 = .05 ct* = ,00584 .00168 NA
OL* = .007 .00160 .0005
a*  = .00101 .00023 .0005
a  = .01 a*  = .00106 .00024 NA
a*  = .0013 .0004 .00085
NA = Not a v a i l a b l e
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TABLE 5
1,469 WHITE FEMALES CLASSIFIED BY AGE AND CALCIUM LEVEL OF BLOOD
Calcium Blood 
Level mg% 10-20 20-30 30-40
Age Group 
40-50 50-60 60^
8.00 1 0 1 2 0 0
8.25 0 2 1 0 0 0
8.50 0 5 3 9 2 1
8.75 1 13 6 12 8 1
9.00 11 63 35 60 43 11
9.25 15 77 38 70 60 17
9.50 37 127 72 96 113 21
9,75 23 72 35 43 57 9
10.00 17 71 28 30 47 9
10.25 6 17 12 11 1 2
10.50 3 2 1 9 5 1
10.75 0 0 0 1 2 0
11.00 0 0 0 1 0 0
> 11.00 1 1 0 0 0 0
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The r e s e a r c h e r  i s  i n t e r e s t e d  i n  th e  fo l lowing q u e s t i o n s :
(1) Is F^ . = Fj f o r  each p a i r  i and j  as i , j  = 1,  6 , o r  in
words,  do group i and group j  come from the same d i s t r i b u t i o n  
f o r  each i and j ?
(2) I f  d i s j o i n t  p a i r s  o f  s u b se t s  o f  the  groups can be con s id e re d  
to  be i d e n t i c a l l y  d i s t r i b u t e d  with  each of  t h e  s u b s e t s ,  and 
t h e r e f o r e  pooled to y i e ld  a d i s t r i b u t i o n  fo r  each s u b s e t ,  t h e  
q u e s t io n  i s  whe ther  these  two d i s t r i b u t i o n s  a r e  s i g n i f i c a n t l y  
d i f f e r e n t .
The q u es t ions  asked in (1)  and (2)  a re  ques t ions  about the  con­
t r a s t s  which w i l l  be d is cussed  in CHAPTER I I I .
The second example to  be con s id e re d  i s  concerned with th e
a n a l y s i s  of  th e  in fo rm at ion  given i n  Table 5. Table 6 i s  i d e n t i c a l  t o
the previous  one except  t h a t  i t  r e p r e s e n t s  phosphorus l e v e l s  of  the 
blood.  The q u es t io n s  to  be asked would be id e n t i c a l  t o  those  o f  Table 5.
The q u es t io n s  asked above cannot  be answered by e x i s t i n g  m u l t i p l e  
comparisons methods.  One of  the purposes  o f  t h i s  d i s s e r t a t i o n  i s  to  
p r e s e n t  a method f o r  d e a l in g  with t h i s  type  o f  comparison.
The two fo l lowing  paragraphs  summarize the r e l a t e d  p r i n c i p a l  
c o n t r i b u t i o n s  o f  t h i s  d i s s e r t a t i o n  to  t h e  f i e l d  o f  m u l t ip l e  comparisons 
in s t a t i s t i c s .  Both have been b r i e f l y  mentioned be fo re .  Because o f  the  
extremely  complex i n t r i n s i c  na tu re  o f  t h e  problems,  t h e  a n a l y s i s  i s  o n ly  
brought to t h e  p o in t  where i t  i s  c l e a r  as to  how to proceed with  the  use 
of  l a r g e  s c a l e  computers .
In surveying  th e  l i t e r a t u r e  and in  examining some ap p l i e d  p rob ­
lems, i t  i s  e v id e n t  t h a t  th e re  i s  a need f o r  s p e c i f i c  d e f i n i t i o n s  and
15
TABLE 6
1,565 WHITE FEMALES CLASSIFIED BY AGE 




30-40 40-50 50-60 60^
1 . 1 2 1 0 0 0
1.733333 0 0 0 0 0 0
2.066666 1 4 1 2 0 0
2.399999 5 9 1 4 0 0
2.733333 6 23 15 26 11 1
3.066666 8 51 27 25 24 5
3.399999 16 79 47 66 55 4
3.733333 38 120 65 99 94 31
4.066666 18 87 43 56 75 14
4.399999 7 45 14 35 52 16
4.733333 12 21 12 25 27 1
5.066666 2 9 2 3 6 0
5.399999 6 0 2 3 2 0
>5.399999 1 0 2 0 0 0
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s ta tem en ts  o f  the  problems.  To be complete ,  o f  co u r se ,  i t  i s  necessary  
to  d i s cu s s  the  a p p r o p r i a t e  measure theory  and topology  on the  c l a s s  of  
measures. I t  i s  p o s s i b l e  f o r  those  who a re  only  i n t e r e s t e d  in a p p l i c a ­
t i o n s  to  e x t r a c t  th e  e s s e n t i a l  in fo rm a t ion .  However, those  who hope to 
unders tand the  development in i t s  e n t i r e t y ,  or  who plan to  c o n t r i b u t e  to 
the c r e a t i o n  of  much needed new te ch n iq u es , sh o u ld  f i n d  i t  he lpfu l  to 
have the  a c c u ra te  d e f i n i t i o n s  and s ta tem en ts  o f  the  problems.
The new techn iques  d is cussed  here c e n t e r  around problems a r i s i n g  
from having u n i v a r i a t e  obse rva t ions  on members from severa l  groups of  
p o ss ib ly  unequal s i z e s .  The o b s e rv a t io n s  a re  cons idered  to  be independent 
and w i th in  each group they are  cons idered  to  have a common d i s t r i b u t i o n  
f u n c t i o n .  The c o n t r a s t s  which a re  na tu ra l  to  t h e  problem a re  d iscussed .  
The a p p l i c a t i o n  o f  the  general d i s c u s s io n  on types  o f  e r r o r s  and a and 
3 l e v e l s  to  t h i s  s p e c i f i c  type o f  problem e n t a i l s  a new look a t  the  
Kolmogorov-Smirnov s t a t i s t i c s  f o r  p a i r s  and th e  c o n s id e ra t io n  o f  a new 
s t a t i s t i c  f o r  t h e s e  purposes.
CHAPTER I I  
REVIEW OF EXISTING METHODS
In t h i s  c h a p te r  a d e s c r ip t i o n  wil l  be given o f  th e  p r in c i p a l  
methods o f  m u l t i p l e  comparisons.  The use of  the se  methods in uncompli­
cated  s i t u a t i o n s ,  and more d e t a i l e d  information about  m u l t i p l e  comparison 
t e s t s  can be found in  books by M i l l e r  [ 11 ] ,  Seeger [ 1 8  ]  and papers by 
Duncan [ 1 ] and R. O 'N e i l l  and G. B. Wetheri l l  [ 14 ] .  Because the
well known p a ra m e t r i c  te chn iques  are presented  only  to  provide a back­
ground f o r  the  genera l  models,  the d i s c u s s io n ,  h e r e ,  o f  pa ram e t r i c  methods 
w i l l  be very b r i e f .
The methods t o  be d i scussed  can be c l a s s i f i e d  in  two groups 
according  to whether  th e  same c r i t i c a l  level  i s  used f o r  a l l  c o n t r a s t s ,  
as in
(1) M ul t ip le  t-method
(2) F i s h e r  Method
(3) LSD Method
(4) Tukey's  T Method (1951)
(5) S c h e f f e ' s  S-method, 
or  v a r i a b l e  c r i t i c a l  l e v e l s  a re  used ,  as in
(1) Newman-Keuls Method
(2) Tukey's  Method (1953)
(3) Duncan's Method (1955).
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Some pa ram et r i c  methods w i l l  be o u t l in e d  b r i e f l y .
1.  M u l t ip le  t -method.  This method c o n s i s t s  o f  making a number o f
o r d in a r y  t - t e s t s  in s tead  of  us ing  an F - t e s t .
2.  LSD and PSD. Whenever the o v e ra l l  F - t e s t  i s  s i g n i f i c a n t ;
then a l l  the d i f f e r e n c e s  between p a i r s  of  means are compared
with the  l e a s t  s i g n i f i c a n t  d i f f e r e n c e  (LSD) which i s
^LSD ~ '
We a r e  not  always i n t e r e s t e d  in a l l  comparisons between a l l  p a i r s
o f  means. Consequently F ishe r  [ 5 ] sugges ted  in 1935 t h a t  i f  one i s
i n t e r e s t e d ,  s a y ,  in m comparisons, we use a/m fo r  our s i g n i f i c a n c e  l e v e l .  
This i s  c a l l e d  the  PSD method.
3.  The S-method. The Scheffe  [ 1 6  ] S-method i s  a method which i s
based on the F - d i s t r i b u t i o n  in such a way t h a t  a t  l e a s t  one 
l i n e a r  c o n t r a s t  w i l l  be d i f f e r e n t  from zero  i f  and only  i f  the  
o v e r a l l  F - t e s t  gives a s i g n i f i c a n t  r e s u l t .  Suppose has a 
v a r i a n c e  of  o^. Then with  p r o b a b i l i t y  1 -  a a l l  the  c o n t r a s t s  
Y = z c^u^ w i l l  s a t i s f y
|v -  S 0 ' V ( p - l )  F ( a , p - l , v )  Î c? K. 
where F ( a , p - l , v )  i s  the  100a pe r c e n t  of t he  F d i s t r i b u t i o n  wi th 
paramete r  ( p - l , v ) .
T-method. The Tukey [ 2 3  ] method i s  based on the s t u d e n t i z e d -  
range method. I t  s t a t e s  t h a t  with  p r o b a b i l i t y  1 - a a l l  p o s s i b l e  
c o n t r a s t s  s im ul taneous ly  s a t i s f y
|y -  y] < q ( a , a , v )  . 0 - ( i  I  | c . I )
^ ^ i=l  ^
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where q ( a , a , v )  i s  the upper a - p o i n t  in the d i s t r i b u t i o n  o f  the 
s tu d en t ized  range.
(5) Newman-Keuls t e s t .  This i s  a t e s t  proposed by Newman [ 1 3  ] and 
Keuls [ 8 ] .  In t h i s  t e s t  the c r i t i c a l  d i f f e r e n c e s  depend on 
the number o f  means under comparison.  The observed t rea tm en t  
means a re  ar ranged in o rde r  of  magnitude and one compares the 
l a r g e s t  with the s m a l l e s t .  I f  |y - ÿ _ . |> q ( a , p , v ) ô _  holds
111 d X 111111 y
then one compares two s e t s  of  p-1 means,  t h a t  i s  y - | , . . .  ,ÿp  ^ and 
y 2 ’ - - - ’yp with t h e  s t a t i s t i c  q ( a , p - l , v ) .  This  p rocess  i s  con­
t inued  u n t i l  no s i g n i f i c a n c e s  a re  o b ta in e d .
(6) Tukey method. Tukey [ 14 ] has sugges ted  a method i d e n t i c a l  to  
the Newman-Keuls method excep t  f o r  t h e  use of  the s t a t i s t i c
^ { q ( a , a , v )  + q ( a , p , v ) } - a -  , r a t h e r  than th e  one given in  the
Newman-Keuls t e s t s .
(7) Duncan new m u l t i p l e  range method. Duncan [ 2 ] proposed a 
method wherein he uses a s t a t i s t i c  whose s i g n i f i c a n c e  leve l  de ­
pends on the number of  means under comparison.  His s t a t i s t i c  
f o r  k means i s  q ( a ^ ,K ,v )ô y  where = l - ( l - a ) ^ " ^ .
(8) D unne t t 's  method. When r e s e a r c h e r s  inc lude  a s t a n d a rd  t r ea tm e n t  
or  con t ro l  t r e a tm e n t  as one of  p t r e a t m e n t s ,  he may be i n t e r e s t e d  
in a l l  comparisons with th e  s tanda rd  o r  c o n t ro l .  Dunnett p ro­
posed a method f o r  t h i s  purpose.  D u n n e t t ' s  s i g n i f i c a n t  d i f f e r ­
ence f o r  a two-s ided comparison between one of p t r e a tm e n t  means 
and the  con t ro l  i s
l ' l ( p . v ) ?  • ^
2 0
where | d | T  \ i s  100a p e rc e n t  p o in t  of  max{|z.  - z A / ^ ]
Xy/V
where z^,  i=0,  1, . . . , p  a re  independent  u n i t  normal d e v i a t e s  and the  
a r e  independent  v a r i a b l e s  with v degrees of  freedom.
There a re  problems in medical r e sea rch  in  which th e  assumptions 
o f  normal i ty  underly ing the a n a l y s i s  o f  v a r ia n ce  a re  no t  v a l i d .  For t h i s  
r e s e a r c h  non-pa ram etr ic ,  o r  d i s t r i b u t i o n  f r e e ,  procedures  have been de­
ve loped.  Unfor tuna te ly  most o f  these  procedures  do not  provide fo r  
m u l t i p l e  comparisons.
Non-parametric  methods a re  used when t h e r e  are enough reasons  
f o r  the  r e s e a r c h e r  to b e l i e v e  t h a t  the ob s e rv a t io n s  a re  not  normally 
d i s t r i b u t e d ,  nor fol low some o th e r  s tandard  pa ram e t r i c  d i s t r i b u t i o n .
In t h i s  s e c t i o n ,  f i v e  im por tan t  non-parametr ic  methods w i l l  be d i s c u s s e d .  
More d e t a i l  can be found in M i l l e r .
1. Many-one s ign  s t a t i s t i c  [ 2 0 ] .  Let  ’^1j ’ “ ‘^kj^ be the 
r e s u l t s  o f  a s i n g l e  t r i a l  with the  s u b s c r i p t  0 a s s o c i a t e d  with 
a con t ro l  group,  l e t  d^j = x-j ^  , i = 1 ,  2 ,  . . . k ,
j  = 1,  2,  . .  .n.  Then
1 i f  d - . < 0
and
0 i f  d . j  > 0
r- = I d T i  = 1,  2,  . . .k .
1 j
To t e s t  f o r  s i g n i f i c a n c e ,  compare each r .  w i th  a s i n g l e  t a b u la t e d  
c r i t i c a l  va lue.  To ach ieve  a s i g n i f i c a n c e  s t a t e m e n t ,  the  value 
o f  r^ should be equal  o r  sm al le r  than th e  t a b u l a t e d  c r i t i c a l  
v a lu e .  For lo c a t in g  t r ea tm e n ts  which g ive  a s m a l l e r  response
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than the c o n t ro l  every th ing  i s  done as above with  the exception 
t h a t  j  i s  now taken t o  be Xg  ^ - x^ j .
In t h i s  t e s t  the  a p p ro p r ia t e  c r i t i c a l  r eg ion  i s  one-s ided .
For a t w o - t a i l e d  t e s t  we l e t  r t  = m i n ( n - r ^ , r ^ ) .  I f  r |  i s  equal
o r  smal le r  than  the ta b u la te d  c r i t i c a l  va lue  we can make a s i g n i ­
f icance  s t a t e m e n t .
2. Many-one rank  s t a t i s t i c  [21  ] .  This t e s t  i s  ano ther  non-para­
m e t r ic  analogue  of D unne t t 's  p rocedure.  This was the  f i r s t  
s imultaneous  techn ique based on ranking o b s e rv a t io n s .
Let { x ^ j : i = 0 ,  1 , . . . k, j  = 1,  . . . n ^ } be k+1 groups with
ng, n-j, . . . n ^  independent  o b s e r v a t i o n s ,  where i = 0 rep resen ts
a cont rol  group.  The x ^ j ' s  are random v a r i a b l e s  measuring some 
c h a r a c t e r i s t i c  o f  a con t ro l  group and k t r e a tm e n t  groups and 
having cont inuous  cumulat ive d i s t r i b u t i o n  f u n c t io n s  Fg, F^, . . .F^.  
We wish to  t e s t  the nu l l  hypothes i s
Ho: Fo = F, = . . .  = F^.
An a l t e r n a t i v e  hypothesis  could be one o f  the  fo l lowing:
Hi : Fg < F . , a t  l e a s t  one i
Hi : Fg > F^ , a t  l e a s t  one i
Hi : F^ , a t  l e a s t  one i
The t e s t  procedure f o r  the i^^ t r e a tm e n t  sample • • -x.j^) 
and the c o n t ro l  sample (x g ^ , . . . , X g ^ )  i s  as fo l lo w s .  Combine the 
two samples i n t o  one sample o f  s i z e  n+m. Rank the  observa tions  
(1 to  the s m a l l e s t ,  2 t o  the  nex t  s m a l l e s t ,  . . . ,  n+m to  the l a s t  
o b s e r v a t i o n ) .  Let R ^ ^ , . . .R ^ ^  be the rank o f  the  observa tion  in 
the i^^ group and Ro-|»‘ *-Rq^ be the  rank o f  the  observa t ions  in
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the  con t ro l  group.  Let T. = e R . . and T . ' = [n(m+n+l) - T . 1.1 j  i j  1 1
Then compare m i n ( T , l ' )  with th e  a p p r o p r i a t e  c r i t i c a l  va lue.  I f  
the minimum i s  sm a l le r  than the  c r i t i c a l  value we r e j e c t  the  nu l l  
h y p o th e s i s .  For th e  one-s ided  a l t e r n a t i v e  observe whether
min(T^ ,TV )  i s  a s s o c ia t e d  with th e  con t ro l  or  a t rea tm en t  group.
3. k-sample rank s t a t i s t i c s  [ 2 2  ] .  This procedure is  concerned 
w i th  pa i rw ise  t e s t i n g  o f  t r e a tm e n t s  in a one-way c l a s s i f i c a t i o n ,  
o r  comple te ly  randomized des ig n .  The model i s  the same as t h e  
p rev ious  t e s t .
4. Kruska l-Wal l i s  rank s t a t i s t i c  [ 1 2  ] .  This method was proposed 
and analyzed by Nemenyi fo r  a one-way c l a s s i f i c a t i o n .  Let
x . j :  i = 1, 2,  . . ,k ,  j 1, . . . n ^  be k independent  samples o f
s i z e  n ^ , . . . n ^  of  independent  o b s e r v a t i o n s .  Let  z n^ = N and 
rank the  N obse rva t ions  in  o rde r  o f  s i z e .  Let be the  
rank o f  x . - and R. = i / n -  z K . . ,  i = 1  k.
J i j
With the  p r o b a b i l i t y  g r e a t e r  than 1 - a ,  the  i n e q u a l i t i e s
1
’ n (N+1) ■ 2 1  + 1
12 l " i  " i '
ho ld  s im ul taneous ly  fo r  (^) p a i r s  o f  the  populat ion ( i , i ' )  
where f o r  l a rg e  N,h^_^ i s  approxim ate ly  • In the  spe c ia l  
case where n  ^ = n f o r  a l l  i and n i s  s u f f i c i e n t l y  l a r g e ,  then 
w i th  p r o b a b i l i t y  approximate ly 1-a the i n e q u a l i t i e s
**1 . ■ ( “ )
K(KN+1)
12
hold s im u l tane ous ly ,  where q^(°°) i s  th e  upper p e r c e n t i l e  p o i n t  
of  th e  range k independent  u n i t  normal random v a r i a b l e s .
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5. Friedman Rank s t a t i s t i c  [ 1 2  ] ,  This procedure was proposed by 
Nemenyi f o r  two-way c l a s s i f i c a t i o n s  with one o b se rva t ion  per  cel l  
in which the  s t a t i s t i c i a n  i s  i n t e r e s t e d  in  comparing a l l  t r e a t ­
ment pop u la t io n s  pa i rwise  o r  in  comparing a l l  t r e a tm e n t  popula­
t i o n s  with  a c o n t r o l .
Let x ^ j :  i = 1,  . . . k ,  j  = 1,  . . . n  be k independent  samples 
of  n independen t  o bse rva t ions .  Let R^j be t h e  rank o f  x^.j 
r e l a t i v e  to  t h e  o rde r  of  Xq j j  < ^ (2 ) j  < < ^ ( k ) j  block j ,
and
n
R. = 1/n E R . .
 ^ j=l
with p r o b a b i l i t y  g r e a t e r  than 1 - a .  The i n e q u a l i t i e s
1 1
l « i .  - R , : i  ;  ( x p '
K(K+1 )
6n i , i ' = 1 ,  2,  . . . ,  k
holds s im u l taneous ly .  When n i s  l a rg e  then with  p r o b a b i l i t y  




holds s im u l taneous ly .
I t  would be advantageous to  mention something about a p p l i c a b i l i t y  
o f  each of th e se  t e s t s  and see how they compare. The p a ram e t r i c  methods 
w i l l  be d i scussed  f i r s t .  For a f u l l e r  d i scuss ion  o f  th e se  methods, th e  
i n t e r e s t e d  r ead e r  should  co n s u l t  books by M i l l e r  and Seeger r e f e r r e d  to 
in  t h i s  d i s s e r t a t i o n  and the unpublished paper by Tukey [ 2 3  ] .  Some
s t a t i s t i c i a n s ,  in p a r t i c u l a r ,  Federer  [ 4 ] s u g g e s t  t h a t  s i g n i f i c a n t
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F-values fo r  t r e a tm e n t s ,  o r  some p r i o r  knowledge t h a t  t r e a tm e n t  d i f f e r ­
ences e x i s t ,  may be r equ i re d  b e fo re  performing a m u l t i p l e  comparisons 
t e s t .  The m a jo r i t y  of  s t a t i s t i c i a n s  long ago r ep laced  the m ul t i  p i e - t  
method with  the  LSD method; however, some are not  s a t i s f i e d  w i th  the LSD 
method s ince  in some in s ta n c e s  i t  i s  cons idered t o  g ive  too many s i g n i ­
f i c a n c e s .  The LSD method a p p l i e s  the same procedure as the S- and 
T-methods,  b u t  the l e a s t  s i g n i f i c a n t  d i f f e r e n c e s  a re  computed d i f f e r ­
e n t ly .
The T-method i s  more powerful than the  S-method in  making p a i r ­
wise comparisons.  However, the  S-method i s  b e t t e r  f o r  c o n t r a s t s  invo lv ­
ing more than two means. A pp l ic a t ion  of the Newman-Keuls o r  Duncan 
m u l t ip l e  range t e s t s  i s  l i m i t e d  to  t e s t i n g  pa i rw ise  mean d i f f e r e n c e s  in 
a balanced one-way c l a s s i f i c a t i o n .  The choice between these  two t e s t s  
depends on whether one agrees  with  Duncan's use o f  e r r o r  r a t e  per  degree 
of freedom concept .
The a p p l i c a t i o n  o f  the  many-one sign method i s  r e s t r i c t e d  by 
i t s  des ign .  The number o f  o b se rva t ions  must be the same f o r  each t r e a t ­
ment and con t ro l  group and the  obse rva t ions  in each o f  the n b locks  must 
be k+1. The model f o r  t h i s  t e s t  and the Steel  many-one rank t e s t  i s  the 
same as D u n n e t t ' s  with  th e  excep t ion  of  no rm al i ty .  I f  the  o b s e rv a t io n s  
do not  happen in  blocks  then the  many-one rank s t a t i s t i c  t e s t  can be 
used.  Another d isadvan tage  o f  the  many-one s ign  t e s t  i s  t h a t  con t ro l  
and t r e a tm e n t  groups must have an equal number o f  o b s e r v a t i o n s ,  which 
handicaps the  r e s e a r c h e r  who would l ik e  t o  have more in  the  c o n t ro l  group 
than in the t r e a tm e n t  groups .  The Steel-Dwass k-sample t e s t  i s  analogous 
to the  Tukey s tu d e n t i z e d  t e s t .  The Kruskal-Wal l is  rank t e s t  i s  the
2 5
non-parametr ic  rank analogue of  S c h e f f e ' s  t e s t  f o r  one-way a n a l y s i s  of  
v a r i a n c e ,  Tukey's s tu d e n t i z e d  range ,  and Dunnett 's  t e s t  and i s  a com­
p e t i t o r  t o  the many-one rank s t a t i s t i c  and the k-sample rank s t a t i s t i c .  
When th e  assumptions ho ld ,  the many-one rank t e s t  and the  k-sample rank 
t e s t  a r e  p r e f e r a b l e  to  the  Krushkal-Wal l is  Rank s t a t i s t i c .  One of  the 
d isadvan tages  o f  t h i s  t e s t  i s  t h a t  th e  t e s t  s t a t i s t i c  i versus  i ' depends 
upon o b s e rv a t io n s  from o t h e r  groups .  The advantage o f  t h i s  t e s t  i s  t h a t  
i t  can be app l ied  in some s i t u a t i o n s  where the many-one rank and k-sample 
rank t e s t  could n o t ,  t h a t  i s  when sample s ize s  a re  no t  smal l .
CHAPTER I I I  
MATHEMATICAL FORMULATION OF THE PROBLEM
The o b je c t  of  t h i s  chap te r  i s  to p r e s e n t  a complete d i s c u s s i o n ,  
with  d e f i n i t i o n s ,  of  c e r t a in  general  a sp ec t s  o f  m u l t i p l e  comparisons and 
to  give some d e t a i l s  of  the development in  a few p r a c t i c a l  cases  which 
have not been given before .
A s tandard  b a s ic  u n i t  f o r  b u i ld in g  a s t a t i s t i c a l  theory  o f  i n ­
fe rence  i s  a t r i p l e  (M, r> p) where M i s  a s e t  c a l l e d  th e  model,  o r  
c o l l e c t i o n  o f  s imple e ven t s ;  r i s  a o - f i e l d  of  s u b se t s  o f  M ( i . e .  a c o l ­
l e c t i o n  o f  subse ts  which con ta ins  M and i s  c losed  under complementat ion 
and countable u n io n s ) ;  and p i s  a p r o b a b i l i t y  f u n c t io n  on th e  c o l l e c t i o n  
r  o f  events  to  the c lo sed  i n t e r v a l  [ 0 , 1 ] .  A p r o b a b i l i t y  func t ion  on a 
o - f i e l d  t o  [0 ,1 ]  i s  one which i s  countably  a d d i t i v e  and p(M) = 1. Prob­
a b i l i t y  func t ions  a re  countab ly  a d d i t i v e  measures,  so the  p e r t i n e n t  
theorems o f  measure theory  apply .
A topology x on a s e t  S i s  a c o l l e c t i o n  o f  subse t s  o f  S, c a l l e d  
the  open s e t s  of  the topo logy ,  which co n ta in s  the  empty s e t  *, t h e  s e t  S, 
and i s  closed  under a r b i t r a r y  unions and f i n i t e  i n t e r s e c t i o n s .  The c o l ­
l e c t i o n  o f  t o p o l o g ie s ,  l i k e  the c o l l e c t i o n  o f  a - f i e l d s ,  on a s e t  a re  
closed under a r b i t r a r y  i n t e r s e c t i u n ^ .  Hence any c o l l e c t i o n  of  s u b s e t s  of  
a s e t  has a s m a l l e s t  topology con ta in in g  i t  and a s m a l l e s t  o - f i e l d  con­
t a i n i n g  i t ,  namely th e  i n t e r s e c t i o n  o f  a l l  t o p o l o g i e s ,  o r  a - f i e l d s ,
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conta in ing  the  c o l l e c t i o n .  The Bore! s e t s  o f  a topology are  the s e t s  in
th e  s m a l l e s t  o - f i e l d  con ta in ing  the topology.  Because the  c o l l e c t i o n  of
a l l  subse ts  o f  a s e t  i s  both a topology and a o - f i e l d ,  i t  fol lows t h a t
any nonempty c o l l e c t i o n  of  subse t s  has a nonempty sm al les t  topology and
a nonempty s m a l l e s t  o - f i e l d  con ta in ing  i t .  The closed  s e t s  of  a topology
a re  those  s e t s  whose complements a re  open.
The C a r t e s i a n  product  o f  a c o l l e c t i o n  o f  s e t s  on some
index s e t  I i s  w r i t t e n  x S . ,  o r  i f  I = { l , 2 , . . . , n } ,  % S. = S,xS x . . . x s  ,
i e l   ^ i e l  T ' ^ "
o r  S^xSgxSg.. .  i f  I = { 1 , 2 , 3 , . . . }  and def ined  to be the s e t  o f  a l l  func ­
t i o n s  x: i->x  ^ where x^ e f o r  a l l  i e l .  Such an element i s  also  some­
t imes w r i t t e n  {x^}^^; or  s imply {x^}. I f  each has a topology and
A = { i - | ......... i|^} i s  any f i n i t e  nonempty su b se t  o f  I ,  i s  a c o l l e c t i o n
(U. , . . . , U .  } o f  nonempty open s e t s ,  where U. e x- fo r  j  = 1 , 2  K,
1 \  ' j  ' j
then an open box [{U.}.  . ]  i s  de f ined  { { x .} .  J  f o r  every ieA, x. e L).}.1 (EM 1 I c i  1 1
The product  topo logy ,  w r i t t e n  x x. i s  s imply th e  sm al les t  topology on
i e l  ^
t he  Car tes ian  p roduc t  which c on ta in s  a l l  o f  the  open boxes.
For the  r e a l  numbers R i t  i s  convenien t  t o  use the fol lowing 
n o ta t io n s  f o r  the  nine types o f  i n t e r v a l s .  I t  i s  assumed t h a t  a and b 
a re  rea l  numbers and a<b. The f i r s t  t h r e e  a r e  c a l l e d  open i n t e r v a l s ,  the 
nex t  two are c a l l e d  ha l f -open  i n t e r v a l s  and the  n ex t  th ree  a re  closed  
i n t e r v a l s .  The l a s t  i s  both open and c lo sed .
( - » , a )  = (X 1 X < a}
(a ,b )  = {X I a < X < b}
(b ,»)  = {X I b < X}
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( a ,b ]  = {X 1 a < X < b}
[ a ,b )  = {X I a < X < b}
[ a , b ]  = {X I a < X < b}
[b.co) = {X I b < X}
( - “ , a ]  = {X I X < a}
(-oojoo) = {X } X e R} = R 
The na tura l  topology f o r  R, and the  one used hence fo r th ,  as i t
i s  t h a t  which i s  b a s i c  t o  s t a t i s t i c s ,  i s  the sm a l l e s t  topology con ta in ing
the open i n t e r v a l s .  The Borel s e t s  of  R, B(R), a re  those  fo r  the n a tu ra l  
topology.  Because o f  the  theorem t h a t  every open s e t  in the na tu ra l  
topology of R i s  the  union o f  a countable c o l l e c t i o n  o f  d i s j o i n t  open 
i n t e r v a l s , i t  i s  easy to  see t h a t  any one of  the c o l l e c t i o n s  o f  i n t e r v a l s  
o f  one o f  the  above n ine  types  g enera te s  the  Borel s e t s  o f  R.
In o rde r  t o  pu t  t h i s  problem in i t s  p roper  mathematical c o n t e x t ,
as promised in CHAPTER I ,  i t  i s  necessary  to  examine the parameter  space 
more c l o s e l y .  Without  Bayesian s t a t i s t i c s  i t  i s  customary to  put some 
kind of  topology on the  paramete r  space f o r  determining when an e s t im a te  
i s  c l o s e  to a paramete r .  This i s  u s u a l l y  done by a s s ig n in g  a m e t r i c ,  and,  
i f  p o s s i b l e ,  i t  i s  convei i e n t  t o  have the me tr ic  be a norm on a vec to r  
space.  In the v e c t o r  space o f  a l l  func t ions  on the  two-po in t  c o m p ac t i f i ­
ca t io n  R^ = R U {«=} U {-00} to  R, the  sm a l le s t  subspace which conta ins  the  
d i s t r i b u t i o n  fu n c t io n s  i s  t h e  space V of  func t ions  o f  bounded v a r i a t i o n  
on R^ which take th e  value 0 a t  and are  continuous a t  t h i s  po in t  as 
well as being cont inuous  a t  The subspace Vq o f  V, c o n s i s t i n g  o f  those  
func t ions  which are continuous  on R^, i s  the  s m a l l e s t  subspace con ta in ing  
the continuous d i s t r i b u t i o n s .  C e r t a in ly  f o r  many purposes a na tu ra l  norm
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f o r  t h i s  space i s  the sup norm. That i s ,  | | f | |  = s u p » | f ( x ) | .  Then the
x e R
m e t r i c ,  o r  d i s t a n c e ,  between two fu n c t io n s  i s  | | f - g | | .  This i s  the  norm 
used by Kolmogorov. On occas ion ,  when the  nu l l  hypotheses s p e c i f i e s  a 
con t inuous  d i s t r i b u t i o n  fu n c t io n  F, i t  i s  conven ien t  to  use one o f  the 
Minkowski norms. Since a l l  fu n c t io n s  in V a r e  R iemann-S tie l tzes  o r  
L e b e s q u e -S t i e l t z e s  p^^ power i n t e g r a b l e  with r e s p e c t  to  F f o r  any p > 1 
i t  i s  p o s s i b l e  to  def ine  a norm by
I I f  I Ip = [ / :  i f ( x ) | p  d F ( x ) f / p
The most common value used i s  when p = 2,  o r  l e s s  f r e q u e n t l y  when p = 1.
In cons ider ing  g s e t s  o f  random v a r i a b l e s  with d i s t r i b u t i o n
f u n c t i o n s  F-jjF^ F^ the  parameter  space i s  a subse t  o f  = VxVx...xV,
g t im es .  Norms on w i l l  be def ined  by combining a norm on R^= R x R x . . . x R ,  
g t imes with  a norm on V as fo l lows .  Any norm on R^ o f  i n t e r e s t  in t h i s  
problem w i l l  have the p ro p e r ty  t h a t  f o r  a l l  X = (X-j, . . .  , X g ) ' ,
NX 11 = I K | X i | ,  | X 2 | , . . . | X g | ) ' 1 1  = * ( | X i | ,  . . .  |Xg|)
where ^ i s  so def ined .  This p roper ty  a s s u re s  t h a t  i f  0 < y < X in the  
usual p a r t i a l  o rde r  on R^, then ^(y)  < 4^ X ) ,  which in tu r n  i s  s u f f i c i e n t  
to show t h a t
I 1 ( f l  ,  ^2  ^ • • • ’  ^ g )  I I  “  4 ^  I  I  f i l l »  l l f ^ l l »  • • • l l ^ g l l )
d e f in e s  a norm on f o r  any such norm on Rg and any norm on V.
A random v a r i a b l e  i s  a f u n c t io n  from M to  R, o r  t o  a to p o lo g ica l  
v e c t o r  space  V, such t h a t  in v e rs e  images o f  Borel s e t s  a r e  in the o - f i e l d
r -  I f  t h e  image i s  in R, the  random v a r i a b l e s  a re  u n i v a r i a t e ,  i f  in
R x R x . . . x R  they a re  m u l t i v a r i a t e ,  and i f  in an i n f i n i t e  dimensional  Banach
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space they are  random v a r i a b le s  in a s t o c h a s t i c  process .
Let E^, Eg E|  ^ e (M, r )  be K e v e n t s .  They a re  sa id  to  be
independent  i f  and only i f  p(HE^) = n p(E^) where p i s  t h e  p r o b a b i l i t y  
measure on (M, r ) .
Let  X-|, Xg, . .  X  ^ be random v a r i a b l e s  on (M,r ,p )  to V. The 
s e t  o f  random v a r i a b l e s  i s  s a id  to be independen t  i f  f o r  any c o l l e c t i o n  
B-j, . . . ,  o f  Borel s e t s  in V, the  inve rse  images.
E. = XT^  (B.) = {w|X. (w) G B. ,  w E M}
are  independent  s e t s  in r r e l a t i v e  t o  p. That  i s
m m
p(n E.) = n p(E . )  
i=l   ^ i=l  1
except  f o r  the  ca se s  where the  random v a r i a b l e s  a re  d i f f e r e n t  q u a d r a t i c  
forms o r  o t h e r  composite func t ions  o f  a s i n g l e  random v a r i a b l e ,  indepen­
dence r a r e l y  ev e r  appears in t h i s  c o n te x t .  In th e  common case  o f  sampling 
from a s e t  X-j, . . . ,  X^  o f  random v a r i a b l e s  i t  i s  t e c h n i c a l l y  e a s i e r  to 
desc r ib e  a new s e t  o f  random v a r i a b l e s
X*, . . . ,  X* by X* : M-j x Mg % . . .  x V, where
X^  : V, and X^  : (w-j, . ^  X^  ).
Independence i s  the n  assured  by using th e  p roduc t  p r o b a b i l i t i e s  f o r
M-j X Mg X . . .  X M^. That i s ,  i f  B-j, . . . ,  B^ a re  Borel s e t s  in V,
E-j, . . . ,  E^ a re  the  inve rse  images
E. = |X(üy) e B^ .}, then 
m
p(E.|XE2x . . .x E ^ )  = _n p ( E . ) .
i =1
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I f  = {(üj-j, . . .  ,co^) IX* (ü)i ». . .  jO) )^ £ B j} then
E-| X Eg X X = E-| n E2 n . . .  n and t h i s  concept  of  independence 
i s  a spec ia l  case  o f  the  above d e f i n i t i o n .
Now suppose X i s  a random v a r i a b le  def ined  on the  space (M ,r ,p ) .  
The po in t  fu n c t io n
F(x) = p{X(w) < x} = p{w|X(w) < x} = p{X x)}
def ined  on R i s  c a l l e d  a d i s t r i b u t i o n  func t ion  and has severa l  im por tan t  
p r o p e r t i e s  :
(1) F(-«>) = 0 ,  F(+“ ) = 0
(2) F(x-|) > Ffxg) i f  and on ly  i f  x-j > Xg
(3) F i s  r i g h t -h a n d  continuous .
I t  i s  n ecessa ry  to  e x e rc i s e  some care  in  d i scuss ing  th e  sampling
d i s t r i b u t i o n  when i t  i s  to  be used as a s t a t i s t i c  f o r  e s t im a t in g  a d i s t r i ­
b u t io n .  I f  {X^.}^_i i s  a s e t  o f  independent  and i d e n t i c a l l y  d i s t r i b u t e d  
random v a r i a b l e s  with  d i s t r i b u t i o n  func t ion  F where X^:M+R and 
X^  : X^. (uy) = x^ i s  a p a r t i c u l a r  sample,  then the s t a t i s t i c
F(x) = ^  z U(x -  X . )
" i=l  ^ f
J l>x > 0
i s  an unbiased e s t im a te  o f  F(x) f o r  each x.  Here U(x) = | q x < 0
g ives  the  d i s t r i b u t i o n  func t ion  f o r  a random v a r i a b l e  which ta k es  on only
the  value z e ro .  In o rd e r  to cons ider  the  fun c t io n  F : x->F(x) as a d i s t r i ­
bu t ion  func t ion  i t s e l f ,  i t  i s  necessary  to look a t  a new s e t  o f  random 
v a r i a b l e s .  I f  M i s  a s e t  {a-|, . . . ,  a^} o f  n elements with each p o in t  
having p r o b a b i l i t y  1/n and Y: a^ x  ^ then t h i s  d i s c r e t e  random v a r i a b l e  
has F f o r  a d i s t r i b u t i o n  fu n c t io n .
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The ex p re s s io n ,  d i s t r i b u t i o n  o f  the s t a t i s t i c ,  a l so  needs to  be 
more e x p l i c i t l y  s t a t e d  in  t h i s  c o n te x t .  In cons ider ing  a s e t  of  random 
v a r i a b l e s  {X-j, . . . ,  X^}, each of  which maps M to  R, aga in ,  i t  helps to 
use the fu n c t io n s  X*: (w^, . . . ,  X^  (w^). That  i s ,
X*:  M X M X . . .  X M -> R.  Then X* +  X^  + . . .  + X* i s  given by ord inary  
a d d i t io n  o f  f u n c t i o n s .  I f  g i s  a fu n c t io n  on R x R x . . .  x r to R i t  i s
c a l l e d  a s t a t i s t i c  when i t s  va lues  a re  r e a l i z a t i o n s  of  a random v a r i a b le
Z: 0) =((a)-|, . . . ,  g(X* (üj), Xp (w),  . . .  X* (w)) .  The d i s t r i b u t i o n
of t h i s  random v a r i a b l e  i s  c a l l e d  t h e  d i s t r i b u t i o n  o f  the s t a t i s t i c .  The 
s t a t i s t i c  given by F(x)» with corresponding  random v a r i a b l e  Z , i s  a s t o ­
c h a s t i c  process with index s e t  th e  i n t e r v a l  [ 0 , 1] ,  where Z  ^ i s  de f ined  by
I f  {X-|, . . . ,  X^} a r e  independent  and i d e n t i c a l l y  d i s t r i b u t e d ,  F, then 
fo r  each x ,  Z has a binomial d i s t r i b u t i o n  in  which
prob((w|Z ,(w) < t »  = Î  ( 5 ) [F(x )]K[]  -  F(x)]"-K .
^ ■ 0<K<nt
M u l t ip le  comparisons a l s o  m u l t ip ly  the number o f  s u b je c t iv e  
judgments to  be made. The a d d i t i o n a l  types  of  e r r o r s  which can be made 
from making m u l t i p l e  i n f e r e n c e s  i n c r e a s e s  the  d i f f i c u l t y  o f  communicating 
r e s u l t s  in such a way t h a t  i t  i s  c l e a r  as to  what  the  p r o b a b i l i t i e s  a re  
of  the  outcomes being due only to  the  random n a tu re  of  the  phenomena.
For t h i s  reason the s u b j e c t  o f  e r r o r  r a t e s  i s  o f t e n  d iscussed  in connec­
t i o n  with  problems where many conc lu s ions  a re  to  be reached from one s e t  
of  d a t a .  There i s  no a t tem pt  here  to  d i s c u s s  hypo the t ica l  e r r o r  r a t e s  
of  the type invo lved  with  imagining an experiment to  be repea ted a 
c e r t a i n  number o f  t imes and d iv i d in g  the  number o f  e r r o r s  by the number
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of t r i a l s .  Nor, f o r  reasons  which fo l low,  i s  the  concept  o f  experiment- 
wise e r r o r  r a t e  d i s c u s s e d ,  in which the s t a t i s t i c  used i s  th e  number o f  
experiments involved ,  having a t  l e a s t  one er roneous  i n f e r e n c e ,  divided  by 
the number o f  exper iments .  The p o s i t i o n  taken here i s  t h a t  i f  in ferences  
are to be made between outcomes of  severa l  exper iments,  they s h a l l  be 
considered as p a r t  of  one experiment .  I f  no cross  in f e r e n c e s  are  to be 
made the experiments s h a l l  be t r e a t e d  i n d i v i d u a l l y .
In CHAPTER I the  v a r i e t y  o f  Type I e r r o r s  was d i scu ssed .  If an 
experiment has a f i n i t e  s e t  o f  a t  l e a s t  two i n f e r e n t i a l  s ta tem en ts  to be 
made, and i f  reg ions  have been determined f o r  each in the sample space 
fo r  which the  hypothes i s  i s  to  be r e j e c t e d ,  then type one e r r o r s  occur 
with many p o s s i b l e  cond i t ions  in the  parameter  space.  Because o f  th i s  
complexity,  and th e  p o s i t i o n  taken t h a t  one ov e ra l l  experiment  i s  being 
considered ,  i t  i s  assumed here t h a t  e r r o r s  r e f e r  t o  t h e  s i t u a t i o n  in which 
a l l  hypotheses a re  cons idered  to hold.  In t h i s  c o n t e x t  each r e j e c t i o n  
becomes an e r r o r ,  r e l a t i v e  to  the h y p o th e s i s ,  and the e r r o r  r a t e  s t a t i s t i c  
i s  th e  r a t i o  o f  the  number o f  r e j e c t i o n s  to  the t o t a l  number o f  s ta tements .  
The expected value of  t h i s  s t a t i s t i c  depends on the  d i s t r i b u t i o n  and i t  
i s  no t  o f ten  t h a t  r e q u i r i n g  a l l  hypotheses t o  hold s im u l taneous ly  d e t e r ­
mines a unique d i s t r i b u t i o n  fo r  the s t a t i s t i c .  I t  i s  d e s i r e d ,  in  communi­
c a t in g  the outcomes of  an exper imen t ,  t o  e s t a b l i s h  t h a t  reasonab le  at tempts 
a re  being made to hold down p o s s ib le  e r r o r s .  For t h i s  reason th e  l e a s t  
upper bound o f  the expected values o f  the  e r r o r  r a t e  s t a t i s t i c  under t h e  
assumption t h a t  a l l  hypotheses hold i s  r e f e r r e d  to  here as th e  expected 
e r r o r  r a t e .
Suppose f o r  example t h a t  K hypotheses o f  the form : Gecj. ,
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i = 1,  2, . K, and R^, 1 = 1, 2,  , . . ,  K a re  the corresponding r e j e c t i o n  
reg ions  in  t h e  sample space.  Let X^. be the  b ina ry  random v a r i a b l e  which 
i s  the composi t ion of  the  func t ion  : x -+ { Q x ^ pi ’ and the  t o t a l
sample random v a r i a b l e .  I f  x^ . i s  a sample f o r  X^. then  x = -  (x^ + . . . + x ^ )
K
i s  the  e r r o r  r a t e  s t a t i s t i c .  For any 0 e u = H w- t h e  p r o b a b i l i t y
i=l 1
Pg(Fj)  i s  the  p r o b a b i l i t y  t h a t  X. = 1 and E (X J  = Pg(Rj) < = gug p^fR^)
the leve l  f o r  the  i^^ in d iv idua l  i n f e r e n c e .  The expected  e r r o r  r a t e  
s u p ( i  s u p ( l  Pg(R,) )  < 1 sup P , (R , )  = I  -
1 K *
I t  i s  r ea sonab le  t o  s e t  a t  = a , i = 1, 2, . . . ,  K. Then y  z a .  = a*.1 « i^ l  1
The term c o n t r a s t  i s  used c l a s s i c a l l y  in t h r e e  d i f f e r e n t  ways.
I f  the paramete r  space i s  an n-dimensional  v e c to r  space then a c o n t r a s t
i s  an element  o f  the  dual space which maps the c o n s t a n t  vec to rs  to ze ro .
That i s ,  i f  c ‘ = ( c ^ , . . . ,  c^ ) ,  j '  = ( 1 , 1 ,  . . . ,  1 ) ,  0 = (G^, . . . , e ^ ) ,  
and C i s  used f o r  the  l i n e a r  f u n c t i o n ,  as well as i t s  v e c t o r  o f  c o e f f i ­
c i e n t s ,  then C: Q ^  c ' e  i s  a c o n t r a s t  i f  C ' j  = 0,  o r  z c .  = 0 .  I t  i s
i= l  '
common and n o t  confus ing  to c a l l  e i t h e r  o f  the  l i n e a r  combinations c ' e  o r  
c ' g  a c o n t r a s t ,  where e i s  an e s t im a te  o f  0 .
The s i t u a t i o n  in  nonparametrics i s  s i m i l a r ,  b u t  somewhat d i f f e r ­
e n t .  In the  problem considered  here o f  sampling from g independent  r a n ­
dom v a r i a b l e s  Xg, . . . ,  Xg, having continuous  d i s t r i b u t i o n  fu n c t io n s  
F-|, Fg, . . . ,  Fg, r e s p e c t i v e l y ,  the  parameter  space i s  the  product  o f  g 
convex s ubse t s  o f  the i n f i n i t e  dimensional f unc t ion  space Vg = VxVx...xV, 
d iscussed  on page 29. I f  o'  = (F.j F ) then f o r  every  x .
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o ' ( x )  = (F- | (x) , Fg(x))  i s  an element in t h e  g-dimensional  space 
R X R X . . .  X R, g t imes.  General c o n t r a s t s  have no s t a t i s t i c a l  meaning 
in t h i s  s e t t i n g .  However, the r e s e a r c h e r  i s  o f t e n  i n t e r e s t e d  in comparing 
var ious  p a i r s  o f  pooled subgroups of  t h e  t r e a tm e n t  groups.  I f
Ig = {1,  2,  . . . ,  g} i s  the  index s e t  f o r  the groups and H i s  a su b se t  o f
the s e t  of  a l l  p a i r s  (A,B) of  non-empty d i s j o i n t  subse ts  o f  Ig ,  i t  i s  
reasonab le  to  ask  the fo l lowing q u e s t i o n .  I f  t h e  random v a r i a b l e s  
{X^} i eA are  cons idered  to  have a common d i s t r i b u t i o n  func t ion  and i f  
{Xj} jeB have a common d i s t r i b u t i o n  fu n c t i o n ,  a r e  the two the same? Sup­
pose t h e r e  are n^ samples from {X^j}, j  = 1,  2 ,  . . . ,  n^, i = 1 ,  2 , . . . ,  g ,  
where X^j - F^, i = 1,  2,  . . . ,  g. I t  i s  assumed t h a t  the v a r i a b l e s  a re  
independent  and,  in the Kolmogorov-Smirnov c a s e ,  t h a t  the d i s t r i b u t i o n  
fu n c t io n s  a re  con t inuous .  For each x ,  the sampling d i s t r i b u t i o n  fu n c t io n
A 1 n-j
Fj(x)  = —  z U(x - X . .) i s  an unbiased e s t i m a t e  of  F . ( < ) ,  where x - -  i s
i j= l  ^J ' TJ
a sample from X^j,  j  = 1,  2  n ^ , i = 1, 2 ,  . . . ,  g. For a non-empty
subse t  A S  Ig ,  t h e  sampling d i s t r i b u t i o n  f o r  t h e  pooled da ta  {x^ j} ,  
j  “ 1,  2 ,  . . . ,  n ^ , ieA, i s
th
where n^ = e n^ . A s t a t i s t i c  to  be used in  comparing th e  subgroups
i eA
determined by (A,B) e H, i s  F^(x) - Fg(x) .  I f  C^g i s  a v ec to r  whose i 
n- -n.
component i s  ^  i f  i eA,  i f  i e B ,  0 i f  i / A U B ,  then g0 (x) =
A B ’
"i  . , n. Aw: Fi(x) -  E —  F. (x) = F . (x )  -  Fg(x).  The C. g i s  a spec ia l  
leA "A ' i eB ” B ^  °
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c o n t r a s t .
To c l a r i f y  t h e  above d e f i n i t i o n  of  t h i s  spec ia l  c o n t r a s t ,  a 
s imple example w i l l  be given.  For f u r t h e r  examples the  reade r  should 
r e f e r  to  CHAPTER V which i s  devoted t o  seve ra l  a p p l i e d  problems.  Suppose 
th e  r e s e a r c h e r  has f o u r  groups with f i v e  o b s e rv a t io n s  i n  the  f i r s t  group,  
fou r  in the second,  s i x  in the  t h i r d  and f iv e  in the  fo u r th .  He proposes 
to  see i f  the d i s t r i b u t i o n  o f  group 1 i s  the same as t h a t  o f  groups 2 and 
4 combined. In t h i s  example,  J = {1, 2, 3, 4} ,  A = {1},  B = {2,4}.  The 
ap p ro p r ia t e  c o n t r a s t  i s
^AB =  ^ ^  ^  ^ Ï  = | f l  -  4 ^ 2  ^ I  '4> '  ^  '
Any m u l t ip l e  of  a c o n t r a s t  i s  e s s e n t i a l l y  t h e  same c o n t r a s t .
There a re  two na tu ra l  ways to  normalize such a c o n t r a s t .  Let be the
random v a r i a b l e  f o r  t h e  sampling d i s t r i b u t i o n  F^. That  i s ,
1 n.  n,
" n""  ^ ^ U(x - X . . )  = Z —  Z. (x) .
^ "A ieA j= l  ieA "a 1
Then i f  the range of  (Z^(x) - Zg(x)},  (A,B) e H, i s  t o  be considered i t  
i s  convenien t  to  l eave  g as i s ,  because when {F \(x)}  are ordered 
F p j { x )  < F^2 j (x )  < . . .  f  F ^ g j (x ) ,  i t  fol lows from the  n a tu re  of  convex 
combinations t h a t
e ( x ) |  = i F ,(x )  -  S ^ F j ( x ) |  < F(g)(x)  -  F ( , j ( x ) .
For Kolmogorov-Smirnov s t a t i s t i c s  i t  i s  b e t t e r  to  m u l t ip ly
r  K — 1 
A,B ^  /% _ '+  1_  in  the  l a rg e  sample case .  Le t  D^^g = /y — -y -  C^^g.
V "A "B ^
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Then fo r  l a rg e  samples sup|D^g 0 (x ) |  i s  approxim ate ly  d i s t r i b u t e d  A,
where
A(x) = 1 - 2 E ( - l ) J - l  e -Zj  ^ 
j=l
Two theorems on nonparametr ic  c o n t r a s t s  w i l l  be given below.
Theorem 3 . 1 . Let g be the number o f  groups .  Then th e  number o f  poss ib le
C -co n t ra s t s  i s  3^-2^^^+1 .
2
Proof :  The p roof  w i l l  be by in d u c t io n .  Let g = 2 .  Then th e re  i s
only one p o s s i b l e  C c o n t r a s t .  In t h i s  case  ( 3^-2^^^+l ) /2  =
(9 - 8 + l ) / 2  = 1.
Suppose the theorem i s  t r u e  f o r  g = n. Let (A,B) 
be any p a i r  in where i s  the s e t  o f  C c o n t r a s t s  f o r  n 
groups .  There a re  f o u r  p o s s ib le  types  of  C c o n t r a s t s  in  
corresponding  t o  the p a i r  (A,B), namely
(1) (A,B)
(2) (A U { n + l} B )
(3) (A,B U {n+1}),  and
(4) (C, {n+1}),
where n+1 r e p r e s e n t s  t h e  a d d i t io n a l  g roup ,  and C i s  any s e t  
in H^ -^j no t  con ta in ing  n+1. There are  (3 " -2 ^ ^ ^ + l ) /2  o f  type 
one by the  induc t ion  h y p o th e s i s .  Likewise t h e r e  a re  
(3 *^ -2'^^^+1 ) /2  o f  types two and th ree .  Now t h e r e  a r e  2^-1 
nonempty s u b se t s  of  H^. Hence the re  a re  2^-1 o f  the se .
Hence th e  number o f  elements in  H^ -^j i s
3 [ 3 l Ç l ± l ]  .
= 3"^^ - (2+l)2"+l  + 3 . 2"+l - 2
2 2
3 8
gn+l _ gn+2 _ + 3 + 2"*^
_ 3n+1
Hence the theorem is  t r u e  fo r  g = n+1. Q.E.D.
Theorem 3 . 2 . Le t  A and B be subse ts  of  cont iguous  elements  o f  1^, the
1 +  M  * { l \ -  T lindex s e t .  The number of c o n t r a s t s  i s
Proof: Let = { ( i , j , k , & ) |  1 < i < j  < k < £ < g}.  There i s  a
one- to -one  correspondence between the s e t  and the s e t  of  
a l l  p a i r s  of  subse ts  o f  contiguous elements  o f  1^. For any 
p a i r  ( i , j , k , £ ) ,  the re  are four  p o s s i b i l i t i e s ,
( 1 ) i < j  < k < £,
( 2 ) i = j  < k < £,
(3)  i = j  < k = £,  or
(4) i < j  < k = £ .
There are | ^ |  o f  the f i r s t  t y p e ,  j | j  o f  the second type,  
and fo u r th  type ,  | | j  o f  the t h i r d  type .  There fore  the
number o f  subse ts  of  contiguous elements o f  Ig i s
h  2(11  + 1 1 1  • Now
+ 2 91 =31 14|  " 4T(g-4): 3 : ( g - 3 ) :  2:(g-2):
9+2
4
The fo l lowing  fou r  theorems were publi shed  by Kolmogorov in 1933
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and a d i s c u s s io n  of  them in English  i s  found in a 1939 paper by 
Kolmogorov [ 9 ] .  They w i l l  be p re sen te d  here fo r  l a t e r  use w i th o u t  
p roof .
Theorem 3 .3 . I f  the func t ion  F{ç) i s  continuous then the  d i s t r i b u t i o n  
law o f  the q u a n t i t i e s  = sup |F (ç)  - F^(ç) |  /FT does no t  depend on F(ç).
Let * (&) be the  value of  th e  p r o b a b i l i t y  P(D^<x). The next  
theorem and Theorem 4.6  are  bas ic  t o  the  s u b je c t .




uniform ly  with r e s p e c t  to x.
Theorem 3 . 5 . For any d i s t r i b u t i o n  fun c t io n  F(g) ,  P{D^ < x} > * ^ (x ) .
Theorem 3 . 6 . I f  the p r o b a b i l i t y  law F(ç) i s  continuous ,  then th e  prob- 
a b i l i t y
Ptsup |F„^({)  - F„^(ç ) l  <
i s  independen t  o f  the func t ion  F (ç ) .  I f  n^ and ng are  i n d e f i n i t e l y  
in c r e a s e d  s u b j e c t  to the r e s t r i c t i o n  t h a t  the  r a t i o  n^/ng remains between 
two f i x e d  numbers a-j and ag




In t h e  genera l  case ,  where the  p r o b a b i l i t y  law F(ç) i s  a b s o l u t e l y  
a r b i t r a r y ,  we have
40
The d e f i n i t i o n s  and remarks or theorems have been presented  fo r
the purpose o f  s t a t i n g  the most general problems in m u l t ip l e  comparisons
to  be p re s e n te d  he re .  I f  o n a re  independentIJ j - i , 6 , . . . , n ^ ,  i - i j< i5. . . » g
random v a r i a b l e s ,  d i s t r i b u t e d  , i = l , 2 , . . . , g ,  H i s  a subse t  of  the  s e t  
of  a l l  p a i r s  (A,B) o f  non-empty d i s j o i n t  s u b s e t s  o f  Ig = 1 , 2 , . . . , g with 
{C(A gj |(A,B)eH} be ing  the c o n t ra s t s  o f  t h e  types d is cussed  above which 
are of  i n t e r e s t  to  the  r e s e a r c h e r ,  how a re  the r e j e c t i o n  reg ions  to be 
determined? S p e c i f i c a l l y ,  how are the g and a* to  be determined,  fo r  
a given a ,  so t h a t  i f  W^ g i s  the r e j e c t i o n  reg ion  {x|
the c o n t r a s t  C. „ where sup p_(W. □) = a* f o r  fio=f0 | 0 ' = ( F , F , . . . ,F)=FJ
Gefio
f o r  some F in V}, then sup p„( U W„ „) = ot- This problem is
d i scussed  in more d e t a i l  in the next two c h a p t e r s .
The o th e r  c l a s s  o f  problems i s  on ly  a l lu d e d  to  here f o r  the 
sake o f  comple teness .  Scheffe  [17] has done some e x c e l l e n t  work in the 
pa ram et r i c  case on simultaneous  confidence i n t e r v a l s .  A conf idence  s e t  
i|i(x) o f  conf idence  1-a  i s  the  image of a fu n c t io n  >p on the  sample space 
to the  pa ram et r i c  space such t h a t  i f  = {x | 0eip(x)} then
Pg(i|i"^(0 ) ) = 1 - a .  When a metr ic  6(0^ , Gg) i s  in t roduced  in the  p a r a ­
meter  space and 0 i s  a s t a t i s t i c  being used to  e s t im a te  0 i t  i s  common 
to d e f in e  ij; by de termining A so t h a t  ^(x)  = { 0 |ô ( 0 ,0 ( x ) )  < A} i s  a c o n f i ­
dence s e t  o f  conf idence  1 - a .  I t  is  a l s o ,  o f ten  only of  i n t e r e s t  to  
know whether c e r t a i n  parameters  are covered.  For example in the  m ul t ip le  
comparison case with  c o n t r a s t s  b ) 1(A>B)gH}, where
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B &(*) == {G| | |C^  g[© - ê ( x ) ] l |  th e  i n t e r e s t  may be only in whether
ij^ A g ^(x)  covers = {0 | 0eFJ}.  I f  the confidence i s  s e t  so t h a t
1 - a* = i n f  , ( o ) )  then 1 -  a = i n f  F L(n^ ;To  . ( o ) )  as  in the
Q e S î g  ^  a , d , a  "  M j D j A
case  o f  hypothes is  t e s t i n g  i t  i s  des i red  t o  f in d  a* to  in su re  a given a .
CHAPTER IV 
DERIVATION OF METHODS
This chap te r  w i l l  deal with the  development of  two methods f o r  
making m u l t ip l e  comparisons.  The use o f  each wil l  be r e s t r i c t e d  by the  
a v a i l a b i l i t y  o f  t a b l e s ,  and by assumptions which are  necessary  in  deve lop ­
ing the  method.
The f i r s t  method to  be d i scu ssed  here  i s  the F.S.D. t e s t  f i r s t  
proposed by F i s h e r  in  1935. Although F i s h e r  suggested the  method,  no 
record  o f  h i s  development o f  i t  could be found in  the  l i t e r a t u r e .
Le t  H^, Hg, . . . ,  H^  be k hypotheses  in  a m ul t ip le  comparison 
t e s t  where H.. r ep re s en t s  the hypo thes i s  t h a t  with a co rresponding  
r e j e c t i o n  reg ion  R. such t h a t  i f  xeR^, H^  would be r e j e c t e d .  The p rob ­
a b i l i t y ,  a t  = a*,  as mentioned in  CHAPTER I I I ,  o f  a Type I e r r o r ,  c o r ­
responding to H. i s  given as a* = sup p _ (R . ) .  Let
' , 0 e w - j  ^  '
1 i f  X e R. ! 1 i f  0EW.
‘R. .W  M* S  I 0 1f X /  R. . “ i I 0 i f  Ofju.
and Q = Pq(R^)- Under the null  hypo thes i s  0ew^  which im pl ie s  t h a t  
Q < a*. Let A be a subse t  of  the  s e t  I^  = {1, 2, . . . ,  k}. Then
ü)a = [ n 0) .]  R [ n 4 (w^)] ,  where è i s  complement 
ieA T i |A  1
A Type I e r r o r  occurs when H^  i s  r e j e c t e d  and 0ew^. This can be
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4 3
expressed by the  produc t  xd (x) • x (o)- This p roduc t  i s  equal to  oneKi 0).
i f  X E R^. and Gew^. Otherwise the  product  would be ze ro .  Therefore by 
the  d e f i n i t i o n  o f  e r r o r  r a t e ,  we obta in  the fol lowing fun c t io n a l  formula.
ER(0 ,x) = 1/k E Xr (x) X (Q) • 
i ^  “ i
From the d e f i n i t i o n  of  the  c h a r a c t e r i s t i c  fu n c t io n s  f o r  R^  and , we
observe t h a t
n.
Prob{xn (x)  X ( o )  = 1} = (
""i I 0 ,Gfw.
We can t h e re fo re  w r i t e  th e  expected value o f  the p roduc t  as
^ i . G '  Gc^i
' i  " i  1 0 , eiw,
E(XR.(X) Xw.(8))= /  1 '
1
Hence E(ER(e,x))  = 1/k E( E x  (x) x (o)) = 1/k e E(xr (x) x ,  (©))
ieA R. “ i icA *^1 “ i
= 1/k E n. ^,G Gi , G ' "  " *AieA
I f  0 e n then f o r  a l l  i d , ,  x (©) = 1 > and
i d ^  “ i
E(FR(0,x))  = 1/k E 0  < 1/k E a t  .
£  X r . ( x )  x ^ . { e )  E x r , ( x )
Therefore ER(e,x)  =  W     =  rr---
Then the number of  type one e r r o r s ,  when 0 e n w . ,  i s  k-ER(e)=E Xn (x)
i e l ,  ' i
and E(k-ER(0,x)) = E[e Xr . ( x) ]  = E E(x% (x) )  = E The va r ia nce  of
k.ER(o,x) i s  given as Var(k-ER(0))  = E[k ER(o,x) - E(k-ER(0 , x ) ) ] ^  =
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E [ ï  X R , ( x )  x r , ( x ) ]  -  I  
w h e r e  =  Pg(R,. n  R j )  ;  ,  t h e r e f o r e
V a r ( k  E R ( 0 ) )  < < '  '  ‘' " i  ,9
1 >J
Since 1 > a* > n .  > 0 and 1 > a* > n . ^ > 0, we have /n .  „ n .  ^ < a * .
1 ,G “ J »0 1 , 0  J , o
The value a* (1-ct*) i s  an inc re as ing  f u n c t io n  between 0 and 1/2 but  the
value of  a* f o r  a l l  p r a c t i c a l  purposes l i e s  between 0 and 1/2 so i t  i s
c l e a r  t h a t  Var(k-ER{o)) < z a* ( 1 - a * )  = k^a* ( 1 - a * ) .i j
A reasonao le  exp lana t ion  of  F i s h e r ' s  adm it ted ly  i n t u i t i v e  use o f  
a / k  f o r  a*  i s  the  fo l lowing :  I f ,  f o r  example,  a = .05 i s  to  be the  o v e r ­
a l l  a - l e v e l  then th e  expec ted  number o f  type one e r r o r s  should be no more
than one in twenty.  Thus,  i f  a* = a / k ,  E(k ER(e,x))  < ka* = a when
0£ PI .
i e lk
From the d e f i n i t i o n s  and theorems in  CHAPTER I I I ,  one can proceed 
with development o f  the second method, which i s  a new m ul t ip le  comparisons 
t e s t  o f  a type des igned  to  help t e s t  one p a r t i c u l a r  type  of  hypothes is  
presented  in CHAPTER I ,  However the t e s t  t o  be developed here i s  a l s o  
a p p l i c a b l e ,  with some d i f f i c u l t y ,  f o r  the  o th e r  types o f  hypotheses p r e ­
sented t h e r e .
Consider g groups o f  independent  random v a r i a b l e s  {X^j}, 
j  = 1, . . . ,  n^, i = 1, 2,  . . . ,  g where X. .^ ~ F . , i = 1,  2, . . . ,  g ,  and 
each F. i s  con t inuous .  Le t  Y. .  = F . ( X . . ) ,  Y. = F .(X ) ,  y . . = F . (x .  . ) ,  
y.j = F \ ( x ) ,  and G(y^) = F \ ( x ) .  Because o f  th e  c o n t i n u i t y  and monotonic i ty  
of F . , y ^ j  < y. i f  and only i f  x -  < x ,  so U(x - x^.j) = U(y - y^.j).
4 5
n-
There fore ,  F . (x )  = l / n .  z U(x - x . . )  = l / n .  z U(y. - y . . )  = G . ( y . ) ,
j=l  T j=i 1 'J  ' '
and F .(x )  = z ( n . / n , ) F . ( x )  
^ i eA  ^ ^ ^
hypothesis  where F^  = Fg = 
F^(x) = G^(y). There fore
z ( n . / n - ) G . ( y . ) .  In th e  case o f  the nu ll  
ieA T *  T T
, = Fg = F, and Y = F(X), y = F(x) ,




yy i / n „  + l / n j y i / n ^  + l/r.|j
The random v a r i a b l e s  Y^j and Y are  each d i s t r i b u t e d  uni formly  in  the 
in t e rv a l  [ 0 , 1 ] .  For f i x e d  y , these  random v a r i a b l e s  can be transformed 
in t o  Bernoull i  - type  random v a r i a b l e s  by cons ide r ing
1 , Y. .  < y
Z i j ( y )  = u(y -  Y . j )  = i j
0.  Y.j > y
Clear ly  f o r  y < 0 ,  Z^ j(y)  = 0 and fo r  y > 1,  Z^ j(y)  = 1.
Let A be a s u b s e t  o f  J = {1.............. g}. Then the  sampling d i s t r i ­
bution o f  combinat ions  o f  obse rva t ions  over the  s e t  A i s  given as fo l lows:
ni ni
Zn(y) = 1 /n .  z z Z . . ( y )  = z ( n . / n , ) Z . ( y ) ,  where Z . (y )  = ( l / n . )  z Z . . ( y ) .  
^ ^ ieA j= l  1 A 1 1 1 i j
The mean o f  the  random v a r i a b l e  Zy^(y) i s  given by
E ( Z n ( y ) )  = E( z ( n . / n . ) Z . ( y ) )  = z ( n , / n . ) E ( Z , ( y ) )  = z ( n . / n . ) y  
A icA T * 1 ieA T A 1 T A
= ( y / n . )  z n. = ( n . / n . ) .  y = y.
^ ieA  ^ ^ ^
To determine the  covariance o f  Z^C/p) and Z^Cy^), when CAD may 
not  be empty, i t  i s  h e lp fu l  to  cons ider  the  fo l low ing :
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( Yn ^ 0 » i ^ k o r  i = k, j  /  &
E(Zij (>p)  Z^^(yq)) -  { Yp A Yq, i = k and j  = % ,
where y p  A y^ i s  the  minimum o f  Y p  and y q .  There fo re ,
n-i nk
E d ^ l y p )  Z „ (y , ) )  = ECZij t^p) ^ ^ . ( y , ) )
ktD
°ieCn o'^/"c"o%"iyp " V " i < " r ’ V q >  " '
i=k keD
keD
= ( " c n D /" c " o > (y p %  - V , )  + y ,  \
In a d d i t io n ,
Cov(Zj (yp).  Z^(y^) = E[Z(.(yp) -  E(Z^(yp)) (Z„(y^) -  E(Z„(y^) ) ]
= E(Zc(yp)Zg(yq)) - y^yq = ("cnn/VoXyp * 'q - V q -  variance.
i t  fol lows t h a t  Var Z^(yp) =(nAnA/VA>(V'Vp"Vp' ° <’ / " a > < V ^ p ' -  
AHB = 0 the va r iance  o f  the random v a r i a b l e  Z^(yp) - Zg(yp) i s  
( ! / " & ) (Yp - Yp) + ( l / n g ) ( y  - Y^) = (1/n^  + l / n ^ )  (yp - y ^ ) .
Let  V.(yp) = / n .  (Z . (yp)  “ Yp)- We can now compute the  c o v a r i ­
ance of  V.(y ) and V^(y\)  as fo l lows:
I p  K q
COV ( V j ( y p ) ,  V | ^ ( y q ) )  = Z n T E [ ( Z , ( y p )  -  y ^ )  ( Z ^ t y , )  -  y , ) ] -
By the assumption o f  independence between groups ,  i f  i f  k then
Cov (V.(yp) ,  V|^(yq)) = 0.  I f  i = k, then Cov (V . (y ^ ) ,  V^(yq))=ypAyq-ypyq,
o r  using the  Kroenecker d e l t a  n o ta t io n
COV (V .(yp ) ,  V|^(yq» = 6 .|^(yp A y^ -  y^y^) .
47
The r e l a t i o n  V.(y  ) = /nT (Z.(y ) -  y ) w i l l  be used in  computing the
v a r i a n ce -co v a r ian ce  o f
y  + l/rig





v , ( y , )
V2 ( y , )
L
where W i s  the  v e c t o r  having the V^'s  as components.
Now E(V^ . (,yp))= 0 ,  i = 1, . g,  p = 1,  m, so E(W) = 0.
The m a t r ix  WW‘ can be blocked so t h a t  (WW')pq = (V(p) • v ‘ ( q ) ) i s  the p,q
4 8
block.  Let y p q  = Y p  A y q  - y p Y q .  Then










^ l l ^ g  ^ 12^g 
^ 21^g ^ 22^g
^ml^g ^m2 ^g ^mm^g
^Im^c
By using the well-known n o t a t i o n  of  t e n s o r  p r o d u c t s , t h e  above can be 
w r i t t e n  E(ww') = T  ® w h e r e  ®  i s  t e n s o r  produc t  and T  i s  a matrix 
whose pq^^ element i s  y^^.  l e t
K ( A , b W ( d 1
- y î / t l A  *  Vrlg T y / ' / ^ A  ^
- y ' / " *  +





There fore  one may w r i t e
(Im 3)K)W
Ij l / / n ^  • / n ^ /n ^  /  / l / n ^  + l / n ^  , JcA
= < -1/Hg /n ^ /n g  /  / l / n ^  + l / n ^  , JeB








= (ImCxiK') E(WW') ( 1 ^ ( 2 ) K)
The d e s i r e d  p r o b a b i l i t y  t h a t  each c o n t r a s t  w i l l  have norm l e s s  than  o r  
equal to A can be approximated as fo l l o w s :
5 0
ZA(yj) - Zg(yj)
< X f o r  a l l  A,B,y.
l / ( Æ T f  / | T ®  KK'
X X
-X
- 1 .-1 /2 [X '(T (X)KK ')  ' X ] .  .
0*1
Now ( t ® K K ' ) ’  ^ can be computed as t " ^ ® ( K K ' ) " \  so i t  i s  necessary  t o
f ind  and ( K K ' ) ' ' .
Suppose y^ = i/N f o r  i = 1 ,  . m = N-1. Then
^ i £  "  ( i /N A VN - i&/N^). For i < £, - i&/N^)=(i/N^)(N-&) and
s ince  t  i s  symmetric i t  can be rep re sen ted  as
T  =(l/N^)
l ( N - l )  l (N-2)
2(N-2) 2(N-3)
l(N-m)
2 ( 1 )
(N-l ) l
The in v e rs e  of  t h i s  matr ix  i s  computed in a paper  by Greenberg and 
Sarhan [ 7] and i s  reproduced below.






-1/N 0 0 0
2/N -1/N 0 0
-1/N 2/N -1/N 0
0
0
-1/N 2/N -1/N 
0 0 0 0 0 0 0 -1/N 2/N
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For the  case in which th e  only c o n t ra s t s  a r e  those  comparing each e x p e r i ­
mental group w i th  a con t ro l  KK' i s  nons ingu la r  and has the  fol lowing form:
KK'
1 -1 0 0
1 0 -1 0




















For o t h e r  d e s igns  KK' may not  be a nons ingu la r  m a t r i x .  This method may 
be extended by use of  t h e  genera l ized  in v e r s e  f o r  KK'.
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Since the i n t e g r a l
^ - X  - ’ - X  J - X
must be ev a lu a te d  by numerical procedures  and high speed computers i t  i s  
l e f t  in  t h i s  form.
CHAPTER V 
PRACTICAL EXAMPLES
This chap te r  i s  devoted to a p p l i c a t i o n s  and examples u t i l i z i n g  
the method developed in CHAPTER IV. Emphasis i s  placed upon non-parametr ic  
problems. The f i r s t  two examples a re  chosen because e x i s t i n g  methods do 
not  al low f o r  m u l t ip l e  comparisons in  Kolmogorov-Smirnov s t a t i s t i c s .  The 
t h i r d  example t r e a t s  a parametric  problem invo lv ing Poisson processes  f o r  
which e x i s t i n g  methods a re  not a p p ro p r i a t e .
The f i r s t  example i s  concerned with  the a na ly s i s  of  the  in form a­
t io n  given in  Table 6 on page 15. The 1,565 females are d iv ided  i n t o  the  
age groups 10-20 ,  20-30, 30-40,  40-50,  50-60 and 60+. The number of  
people f a l l i n g  i n t o  each category of  phosphorus l e v e ls  in each age group 
i s  t a b u la t e d .  The hypothesis  to  be t e s t e d  i s  t h a t  = Fj f o r  i , j = l , . . . 6 . 
That i s ,  the  o b j e c t  i s  to  ' e s t  whether group i and group j  come from the 
same d i s t r i b u t i o n  fo r  a l l  i and j ,  and whether d i s j o i n t  subse ts  of  con­
t iguous  elements  of  the  groups are i d e n t i c a l l y  d i s t r i b u t e d  fo r  a l l  sub­
s e t s .  Simply s t a t e d ,  the  ob je c t  i s  to ask i f  F^^Fg when A and B a re  sub­
s e t s  of  cont iguous elements of  the s e t  { 1 , 2 , 3 , 4 , 5 , 6 } and AHB=0. Let 
a = .05.  According to  Theorem 3.2 the  number o f  subse ts  o f  contiguous 
elements of  { 1 ,2 , 3 ,4 , 5 ,6 1  i s  seventy .  Consequently a* = .05/70 =.000714.  
Let 1-a* be r e p re s e n t e d  by L(z) in Table 14 in the APPENDIX. In t h i s  c a s e ,  









F^(x) and Fg(x) a re  given in Table 7 and f o r  the  va lues  A and B o f  
i n t e r e s t .  Table 8 conta ins  the  values
"a " b
where i s  th e  maximum of |F^(x) - Fg(x) |  and and are  the  sample 
s i z e  f o r  A and B. By consu l t ing  t h i s  t a b l e ,  and comparing the values 
with the va lue  1.992 f iv e  of  the seven ty  c o n t r a s t s  a re  found to  be s i g n i ­
f i c a n t .  The age groups 20-40,  30-50,  10-50,  20-50,  and 10-40 are  a l l  
d i f f e r e n t  from the  age group 50+. Note t h a t  no p a i r  o f  s i n g l e  age groups 
had s i g n i f i c a n t l y  d i f f e r e n t  sampling d i s t r i b u t i o n s .
The second sample to  be p r e s e n te d  i s  taken from a publ ished  
paper by Weigand and Gaylor [ 2 4 ] .  In t h i s  s tudy  the  the o ry  was t e s t e d  
t h a t  Negro s k in  r e s i s t s  i r r i t a n t s  b e t t e r  than Caucasian s k in .  Using con­
c e n t r a t i o n s  o f  d in i t roch lo robe nzene  (DNCB) as the  v a r i a b l e ,  the minimal 
dose producing p e r c e p t ib l e  erythema was determined on the  skin of  
Caucasians ,  l i g h t -  and dark-skinned Negroes.  This  was done tw ice ,  f i r s t  
on normal s k i n ,  then on skin  s t r i p p e d  o f  s t r a tu m  corneum. Table 9 gives 
the sampling d i s t r i b u t i o n  fo r  the g roups ,  Caucasians ( 1 ) ,  l i g h t - s k in n e d  
Negroes ( 2 ) ,  da rk-sk inned  Negroes ( 3 ) ,  a l l  b lacks  (23) ,  and l i g h t - s k in n e d  
Negroes and w h i te s  combined (12) ,  f o r  normal s k in  only .
The Caucasian group con ta ined  tw e n ty - th re e  s u b j e c t s ,  the l i g h t  
Negro group con ta ined  tw en ty -s ix  s u b j e c t s  and the  dark Negro group con­
ta ined  tw en ty -n ine .
TABLE 7
THE CUMULATIVE SAMPLING DISTRIBUTIONS OF BLOOD PHOSPHORUS 
LEVEL OF THE AGE GROUPINGS EMPLOYED IN THE CONTRASTS
Phosphorus 
(mg %) (1 ) (2 ) (3) (4)
GROUPS
(5) ( 6 ) ( 12) (23) (34) (45)
1.000000 .008254 .004444 .004310 .000000 .000000 .000000 .005253 .004398 .001736 .000000
1.733333 .008264 .004444 .004310 .000000 .000000 .000000 .005253 .004398 .001736 .000000
2.066666 .016528 .013333 .008620 .005813 .000000 .000000 .014010 .011730 .006944 .002898
2.399999 .057851 .033333 .012931 .017441 .000000 .000000 .038528 .026392 .015625 .008695
2.733333 .107438 .084444 .077586 .093023 .031791 .013888 .089316 .082111 .086805 .062318
3.066666 .173553 .197777 .193965 .165697 .101156 .083333 .192644 .196480 .177083 .133333
3.399999 .305785 .373333 .396551 .357558 .260115 .138888 .359019 .381231 .373263 .308695
3.733333 .619834 .640000 .676724 .645348 .531791 .569444 .635726 .652492 .657986 .588405
4.066666 .768595 .833333 .862068 .808139 .748554 .763888 .819614 .843108 .829861 .778260
4.399999 .826446 .933333 .922413 .909883 .898843 .986111 .910683 .929618 .914930 .904347
4.733333 .925619 .980000 .974137 .982558 .976878 1.000000 .968476 .978005 .979166 .979710
5.066666 .942148 1.000000 .982758 .991279 .994219 1.000000 .987740 .994134 .987847 .992753
5.399999 .991735 1.000000 .991379 1.000000 1.000000 1.000000 .998248 .997067 .995527 1.000000
>5.399999 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 .999996 1.000000 1.000000 1.000000
err
cn
TABLE 7 - - - C o n t i n u e d
Phosphorus 
(mg %) (56) (123) (234) (345)
GROUPS
(456) (1234) (2345) (3456) (12345) (23456)
1.000000 .000000 .004981 .002923 .001084 .000000 .003487 .002186 .001006 .002679 .000938
1.733333 .000000 .004981 .002923 .001084 .000000 .003487 .002186 .001006 .002679 .000938
2.066666 .000000 .012453 .009746 .004338 .002624 .010462 .007288 .004024 .008037 .003752
2.399999 .000000 .031133 .023391 .009761 .007874 .027027 .017492 .009054 .020763 .008442
2.733333 .028708 .085927 .085769 .066160 .057742 .088055 .072157 .062374 .075016 .059099
3.066666 .098086 .193026 .186159 .148590 .128608 .184829 .164723 .143863 .165438 .139774
3.399999 .239234 .369863 .373294 .330802 .292650 .366172 .344752 .316901 .341594 .304878
3.733333 .538277 .647571 .650097 .610629 .586614 .646904 .620262 .607645 .620227 .605065
4.066666 .751196 .831880 .831384 .799349 .776902 .824760 .810495 .796780 .807099 .794559
4.399999 .913875 .914072 .923001 .908893 .912073 .912816 .916909 .914486 .909578 .919324
4.733333 .980861 .970112 .979532 .978308 .981627 .973844 .978862 .979879 .974547 .981238
5.066666 .995215 .986301 .993177 .990238 .993438 .987794 .993440 .990945 .989283 .991557
5.399999 1.000000 .996264 .998050 .997830 1.000000 .997384 .998542 .997987 .997990 .998123





THE MAXIMUM OBSERVED DIFFERENCES OF THE CUMULATIVE 
SAMPLING DISTRIBUTIONS FOR VARIOUS SPECIFIC 
CONTRASTS CORRECTED FOR THE SAMPLE SIZE
C(A,B) "A " b ^AB
C ( l ,2 ) 121 450 .1069 1.0439
C ( l , 3 ) 121 232 .0960 .8561
CO A ) 121 344 .0834 .7891
C ( l , 5 ) 121 346 .0881 .8341
C ( l , 6 ) 121 72 .1597 1.0729
C(2,3) 450 232 .0367 .4541
C(2,4) 450 344 .0321 .4482
C(2.5) 450 346 .1132 1.5831
C(2,6) 450 72 .2345 1.8470
C(3,4) 232 344 ,0539 .6344
C(3,5) 232 346 .1450 1.7088
C(3,6) 232 72 .2577 1.9102
C(4.5) 344 346 .1136 1.4920
0(4 ,6 ) 344 72 .2187 1.6875
0(5 ,6 ) 346 72 .1213 .9364
0(1 ,23) 121 682 .1032 1.0462
0(1 ,34) 121 576 .0885 .8849
0(1 ,45) 121 690 .1801 1.8273
0(1 ,56) 121 418 .0874 .8466
0(1 ,234) 121 1026 .0966 1.0050
0(1 ,345) 121 922 .0824 .8522
0(1,456) 121 762 .0856 .8747
0(1 ,2345) 121 1372 .0905 .9543
0(1,3456) 121 994 .0880 .9139
0(1,23456) 121 1066 .0929 .9584
0(2 ,34) 450 576 .0207 .3290
0(2,45) 450 690 .0647 1.0677
C 2,56) 450 418 .1341 1.9740
0(2,345) 450 922 .0492 .8555
0(2,456) 450 762 .0807 1.3570
0(2,3456) 450 994 .0564 .9856
0(3 ,12) 232 571 .0424 .5445
0(3,45) 232 690 .0883 1.1634
0 3,56) 232 418 .1573 1.9213
0(3,456) 232 762 .1004 1.3389
5 8
TABLE 8--Continued
C(A,B) "A "B °AB V  "B
C(4,12) 344 571 .0270 .3955
C 4,23) 344 682 .0350 .5292
C(4,56) 344 418 .1183 1.6250
C(4,123) 344 803 .0274 .4252
C(5,12) 346 571 .1040 1.5265
C(5,23) 346 682 .1211 1.8347
C(5,34) 346 576 .1262 1.8554
C(5,123) 346 803 .1158 1.8007
C(5,234) 346 1026 .1183 1.9023
C(5,1234) 346 1147 .1152 1.8782
C(6,12) 72 571 .2202 1.7607
C(6,23) 72 682 .2424 1.9561
C(6,34) 72 576 .2344 1.8752
C(6,45) 72 690 .1698 1.3710
C(6,123) 72 803 .2310 1.8777
0(6,234) 72 1026 .2344 1.9226
0(6,345) 72 922 .1920 1.1605
0(6,1234) 72 1147 .2273 1.8703
0(6,2345) 72 1372 .2059 1.7030
0(6,12345) 72 1493 .2027 1.6800
0(12,34) 571 576 .0222 .3759
0(12,45) 571 690 .0593 1.0428
0(12,56) 571 418 .1198 1.8610
0(12,345) 571 922 .0440 .8624
0(12,456) 571 672 .0640 1.1244
0(12,3456) 571 994 .0488 .9293
0(23,45) 682 690 .7260 1.3445
0(23,56) 682 418 .1420 2.2859
0(23,456) 682 762 .0886 1.6808
0(34,56) 576 418 .1340 2.0855
0(45,123) 690 803 .0612 1.1790
0 56,123) 418 803 .1306 2.1653
0(56,234) 418 1026 .1340 2.3090
0(56,1234) 418 1147 .1269 2.2211
0(123,456) 803 762 .0772 1.5265
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TABLE 9
THE CUMULATIVE SAMPLING DISTRIBUTIONS OF DNCB CONCENTRATION 
OF THE GROUPS COMPOSING THE CONTRASTS
DNCB
Concent ra t ion









L igh t  Skin
0.025 .05 .08 0 .04 .07
0.1 .30 .16 .03 .09 .21
0.25 .88 .48 .42 .45 .65
1.0 1.00 .96 .77 .86 .98
2.5 1.00 .96 .97 .96 .98
+ 1.00 1.00 1.00 1.00 1.00
There a re  severa l  d i f f e r e n t  hypotheses which a r e s e a r c h e r  might 
wish to  t e s t .  Two s e t s  of  hypotheses  a r e  d iscussed  h e r e .
The f i r s t  s e t  o f  hypotheses co n ta in s  a l l  the c o n t r a s t s  which 
a re  r e l e v a n t  to th e  r e s e a r c h e r .  These a re  C ( l , 2 ) ,  C ( l , 3 ) ,  C (2 ,3 ) ,  C( l ,23)  
and C(12 ,3) .  For a = .05 ,  a* = .01 = a / 5 ,  and the c r i t i c a l  va lue  from 
Table 14 in the APPENDIX i s  1.6277.
where D,In Table 10 the va lues  o f  D ^ ^ / /  ■] ] "AB
n, nr
i s  the maximum of |F^(x) - Fg(x) |  i s  given f o r  a l l  above c o n t r a s t s .
Two c o n t r a s t s  were s i g n i f i c a n t ,  C(1 ,3) and C ( l , 2 3 ) .  Hence the 
groups which could be sa id  t o  have d i f f e r e n t  sampling d i s t r i b u t i o n s  are 
Caucasians and dark -sk inned  Negroes, and Caucasians and the  Negro groups 
as a whole.
The problem could be viewed d i f f e r e n t l y  in  the  s en s e  t h a t  the  r e ­
s e a r c h e r  could have t e s t e d  t h i s  h y p o th e s i s :  Using Caucasians  as a contro l
and the two groups o f  Negroes as  exper imenta l  groups ,  one would wish to  
ask about  C(1,2) and C ( l , 3 ) .  For a = .05 ,  a* = .05/2 = .025.  From
6 0
TABLE 10
THE MAXIMUM OBSERVED DIFFERENCE OF THE CUMULATIVE SAMPLING 
DISTRIBUTIONS FOR VARIOUS SPECIFIC CONTRASTS 
CORRECTED FOR THE SAMPLE SIZES
^A,B h " b ^AB DABj/l + 1
"B
(1 , 2) 23 26 .40 1.3974
(i ,5) 23 29 .46 1.6475
(1,23) 23 55 .43 1.7317
(2,3) 26 29 .19 .7405
(12,3) 48 29 .23 .9779
Table 14 in  the  APPENDIX, the  c r i t i c a l  va lue i s  1 .4812.  In Table 10 the 
a p p r o p r i a t e  values  a re  g iven ,  s ince  the se  do no t  change .  This  t e s t  does 
n o t  ob ta in  s i g n i f i c a n c e  f o r  Caucasians versus  l i g h t - s k i n n e d  Negroes.
We now t u "n to  the  second p a r t ,  t h a t  f o r  which st ratum corneum 
was f i r s t  s t r i p p e d  from the  s k in .  In t h i s  s e c t i o n  th e  Caucasian group 
con ta ined  s i x t e e n  s u b j e c t s ,  th e  l igh t -N egro  and dark  Negro groups con­
t a in e d  twelve  each.  Again two s e t s  o f  hypotheses w i l l  be t e s t e d .  The 
f i r s t  s e t  t o  be chosen i s  C ( l , 2 ) ,  0 ( 1 ,3 ) ,  C(2,3)  and 0 ( 1 ,2 3 ) .
Table 11 g ives  the  sampling d i s t r i b u t i o n  o f  the groups ,  
Caucasians ( 1 ) ,  l i g h t - s k i n n e d  Negroes (2 ) ,  da rk -sk inned  Negroes (3) and 
a l l  blacks  (23) .
For a = .05 ,  a.* = .0125.  The c r i t i c a l  va lu e  from Table 14 in
t h e  APPENDIX i s  1.593.  In Table 12 the  values of  D.p/ /1 . 1 are
%
given  f o r  a l l  above c o n t r a s t s .
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TABLE 11
THE CUMULATIVE SAMPLING DISTRIBUTIONS OF DNCB CONCENTRATION 
OF THE SPECIAL GROUPS COMPOSING THE CONTRASTS
DNCB
Concent ra t ion








.01 .06 .08 .25 .165
.025 .06 .50 .33 .415
.1 1.00 .84 .92 .88
.25 1.00 1.00 1.00 1.00
TABLE 12
MAXIMUM OBSERVED DIFFERENCES OF THE CUMULATIVE SAMPLING 
DISTRIBUTIONS FOR VARIOUS SPECIFIC CONTRASTS 
CORRECTED FOR THE SAMPLE SIZES
( 1 , 2 )
(1 .3 )







None o f  the  co n t ra s t s  was s i g n i f i c a n t .  Hence we cannot  conclude 
t h a t  any of  th e  p a i r s  chosen have d i f f e r e n t  d i s t r i b u t i o n s .  Thus removal 
of  s t ra tum  corneum produced more uniform r e s u l t s  among the groups.
I f  one wishes again t o  co n s id e r  the  Caucasian group as a c o n t ro l  
group,  then c o n t r a s t s  C ( l ,2 )  and 0 (1 ,3 )  should be choser .  That  i s ,  one 
i s  comparing both the  l i g h t - s k in n e d  and dark -sk inned  Negro groups with  
the Caucasian group.  In t h i s  case fo r  a = .05 ,  a* = .025. From Table 14
in the APPENDIX th e  c r i t i c a l  value i s  1.4812.  The values  o f  DanZ/l ■ 1
\ A a "B
f o r  0 (1 ,2 )  and 0 (1 ,3 )  are the same as th o s e  in  Table 12. By comparison 
with the  c r i t i c a l  value 1.4812,  th e re  i s  no t  enough evidence t o  say t h a t  
the l i g h t - s k i n n e d  o r  dark-sk inned group d i f f e r  from the Caucasian con t ro l  
group.
The t h i r d  example i s  h y p o t h e t i c a l ,  bu t  i s  a common type  o f  p rob­
lem o c c u r r in g  in  epidemiologic s t u d i e s .  Let us assume th a t  the  r e s e a r c h e r  
wishes t o  ana lyze  th e  incidence o f  some r a r e  d i s e a s e  in Oklahoma and has 
a v a i l a b l e  the  inc idence  r a t e  f o r  each o f  the seventy-seven Oklahoma 
c o u n t i e s .  The customary usage i s  fol lowed here  o f  c a l l i n g  a r a t e  th e  
numerator  of  a s t a n d a rd i z e d  r a t e .  For example i f  th e  incidence is  3.7  
per  hundred thousand ,  the number 3.7  i s  c a l l e d  th e  r a t e  r a t h e r  than the  
ac tua l  r a t e  3 .7 /100 ,000 .  I t  i s  th e  random v a r i a b l e  whose va lues  a re  the 
numerators which has expected va lue x in  the  Poisson d i s t r i b u t i o n  o f  
parameter  x. In t h i s  case the r e s e a r c h e r  wishes to  ask i f  t h e r e  e x i s t s  
any s t a t i s t i c a l l y  s i g n i f i c a n t  d i f f e r e n c e  between any pa i r  of  c o u n t i e s .
Let  Xj be th e  r a t e  f o r  the i^^ county.  I t  i s  no t  unusual to assume t h a t  
the se  r a t e s  each have a Poisson d i s t r i b u t i o n .  The nu l l  hypothesi s  i s  
Hg: x ^  =  X j  =  X f o r  every  i , j .  Assuming t h a t  the  overa l l  a f o r
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P(x^ . - Xj = K) =
where I^^Z) i s  th e  modified  Bessel f u n c t io n  o f  the f i r s t  kind o f  o r d e r  K. 
Under the null  hypo thes i s  x^ = Xj = x the  above equation reduces
- 2xto
- 2 xTherefore  z e" = 1
K= -a
.999983. For d i f f e r e n t  va lues  o f
X ,  th e  required  va lue o f ( a )h a s  been computed in  Table 13 r e p r e s e n t in g  
the d i f f e re n ce  t h a t  must be observed between any p a i r  o f  r a t e s  in  o rd e r  
to  conclude t h a t  a d i f f e r e n c e  e x i s t s  with a = .05.
TABLE 13
VALUES REQUIRED TO SHOW SIGNIFICANT DIFFERENCES OF 









There are seve ra l  aims in t h i s  d i s s e r t a t i o n .  The f i r s t  i s  to  
i l l u s t r a t e  some o f  th e  d i f f i c u l t i e s  in ob ta in in g  th e  in d iv idua l  s i g n i f i ­
cance l e v e l s  a s s o c i a t e d  with  a m u l t i p l e  comparisons t e s t  f o r  a given 
s ig n i f i c a n c e  l e v e l .  I t  i s  shown t h a t  ob ta in ing  th e s e  in d iv id u a l  s i g n i f i ­
cance l e v e l s  i s  no t  s imple un less  t h e  ind iv idua l  comparisons are in d e ­
pendent . In t h i s  case  the r e l a t i o n s h i p  between the  o v e ra l l  s i g n i f i c a n c e  
level  and the ind iv idua l  s i g n i f i c a n c e  leve l  i s  a = 1 - ( 1- a * )^ ,  with a 
the  ov e ra l l  s i g n i f i c a n c e  l e v e l ,  a* th e  ind iv idua l  s i g n i f i c a n c e  leve l  and 
P the number o f  c o n t r a s t s .  The second example g ives  ano the r  means of  
showing the  r e l a t i o n s h i p  between a and a*. However, f o r  i l l u s t r a t i v e  
purposes i t  i s  assumed t h a t  th e  o b s e rv a t io n s  a re  uniformly  d i s t r i b u t e d .  
This i s  done simply because in  t h i s  case i t  i s  p o s s i b l e  to  e x h i b i t  the  
exac t  r e l a t i o n s h i p s  and dem ons t ra te ,  more e a s i l y ,  the  n a t u re  o f  the  
d i f f i c u l t i e s .  Since i t  i s  c l e a r  t h a t  the sample means cannot  be d i s t r i ­
buted un i fo rm ly ,  t h i s  i s  no t  a p r a c t i c a l  method. In the  t h i r d  example,  
under th e  more p r a c t i c a l  assumption t h a t  th e  o b s e rv a t io n s  a re  indepen­
den tly and i d e n t i c a l l y  d i s t r i b u t e d  normally  with mean \i and var iance  o^ ,  
the  r e l a t i o n s h i p  between a and a* i s ,  a g a in ,  o b ta in ed .  Under the se  
assumptions the problems have been t r e a t e d ,  r a t h e r  tho ro u g h ly ,  by Schef fe ,  
Tukey, Duncan, and o t h e r s .
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6 5
In CHAPTER I I  a d e s c r i p t i o n  i s  given of most o f  the  e x i s t i n g  
methods f o r  m u l t i p l e  comparisons. Most o f  the emphasis i s  on nonpara-  
m e tr ic  methods,  s ince  t h a t  i s  a p r in c i p a l  i n t e r e s t  o f  t h i s  d i s s e r t a t i o n .
CHAPTER I I I  gives a complete d iscuss ion  in  mathematical  terms o f  
some general  a spec t s  o f  the m u l t i p l e  comparisons problem. Inc luded  in 
t h i s  chap te r  i s  a d i scuss ion  o f  t h e  impor tan t  concept of  e r r o r  r a t e .  I t  
i s  assumed in t h i s  d i s s e r t a t i o n  t h a t  e r r o r s  r e f e r  to  the s i t u a t i o n  in 
which a l l  hypotheses a re  cons ide red  to  hold.  In t h i s  c o n te x t  each r e ­
j e c t i o n  becomes an e r r o r  r e l a t i v e  to the h y p o th e s i s ,  and the  e r r o r  r a t e  
s t a t i s t i c  i s  the  r a t i o  of  the number of  r e j e c t i o n s  to  the  t o t a l  number of  
s ta t em en t s .  Another important  concept  considered  i s  the means o f  def in ing  
a c o n t r a s t  in  a nonparametr ic  s i t u a t i o n  in  such a way as t o  make 
s t a t i s t i c a l  sense .  I t  i s  reasonab le  to ask th e  fo l lowing q u e s t i o n :  I f
the  random v a r i a b l e s  a r e  cons idered  t o  have a common d i s t r i b u t i o n
f u n c t io n ,  and i f  {X-}. r, have a common d i s t r i b u t i o n  f u n c t i o n ,  a re  t h e  twoJ J ed
the  same? Let 1^  = { l , . . . , g }  where g i s  the  number o f  g roups .  The 
sampling d i s t r i b u t i o n  f o r  the pooled data i s
"i
Fa(x) = z n . / n „  1/n,  i  U(x - x,
^  i eA  ^ ^ T j = l  TJ
where n^ = e n^.. A s t a t i s t i c  t o  be used in  comparing the  subgroups 
determined by ( A , B ) ,  a p a i r  o f  nonempty d i s j o i n t  subse t s  o f  I g ,  i s  
F^^x) - Fg(x).  I f  g is  a v e c t o r  whose i^^ component i s  n^ /n^  i f  i e A,
-n^ /ng i f  i e B ,  0 i f  i^AUB, then C '^  g e(x)  =
, £ ^ ( n , / n ^ ) f i ( x )  -  n , / n g  F , ( x )  » F ^ ( x )  -  F g ( x ) .
The v ec to r  g i s  a spec ia l  c o n t r a s t .
66
L a s t l y ,  a model i s  e s t a b l i s h e d  f o r  the  most general  problem in  
m u l t ip l e  comparisons.  The problem may be s t a t e d  as fo l lows;  Let 
{X^j} j  = 1 , 2, n^ . ; i = 1 , 2 , g be independent  random v a r i a b l e s ,
d i s t r i b u t e d  , i = 1 ,  2,  g , H i s  a subse t  o f  the s e t  o f  a l l  p a i r s  
(A,B) o f  non-empty d i s j o i n t  s u b se t s  o f  Ig = 1,  2,  g, with
{C(A gj | (A ,B )eH}the  c o n t r a s t s  o f  i n t e r e s t  to  the  r e s e a r c h e r .
In CHAPTER IV two d i f f e r e n t  methods are  d i scussed .  The f i r s t  
method i s  the  F.S.D. method f i r s t  proposed by F i s h e r ,  in  which i f  one i s  
i n t e r e s t e d  in m comparisons,  a/m i s  used f o r  the  ind iv idua l  s i g n i f i c a n c e  
l e v e l ,  a being the  o v e ra l l  s i g n i f i c a n c e  l e v e l .
The second techn ique  d i scu ssed  here  cen te r s  around problems 
a r i s i n g  from having u n i v a r i a t e  o b s e rv a t io n s  o f  members from severa l  groups 
of  p o s s i b l y  unequal s i z e .  Because o f  the ex tremely  complex i n t r i n s i c  
na tu re  o f  the  problem, the  a n a l y s i s  i s  brought  only  to  the  p o in t  where i t  
i s  c l e a r  how to proceed with the use of  l a r g e - s c a l e  computers.
The f i f t h  c h a p t e r  i s  devoted to  a p p l i c a t i o n s  and examples 
u t i l i z i n g  the method developed in  CHAPTER IV. Three examples a re  g iven ,  
two i l l u s t r a t i n g  the  use o f  m u l t i p l e  comparisons in Kolmogorov-Smirnov 
s t a t i s t i c s ,  and the  t h i r d  i l l u s t r a t i n g  a param etr ic  problem invo lv ing  
Poisson p rocesses  f o r  which e x i s t i n g  methods are  no t  a p p ro p r ia t e .
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TABLE FOR ESTIMATING THE GOODNESS OF FIT OF EMPIRICAL 
DISTRIBUTIONS BY SMIRNOV [19]
fable o f  L(z)
z L(z) z L(z) z L(z)
.29 .000 004 .69 .272 189 1.09 .814 342
.30 .000 009 .70 .288 765 1.10 .822 282
.31 .000 021 .71 .305 471 1.11 .829 950
.32 .000 046 .72 265 1.12 .837 356
.33 .000 091 .73 .339 113 1.13 .844 502
.34 .000 171 .74 .355 981 1.14 .851 394
.35 .000 303 .75 .372 833 1.15 .858 038
.36 .000 511 .76 .389 640 1.16 .864 442
.37 .000 826 .77 .406 372 1.17 .870 612
.38 .001 285 .78 .423 002 1.18 .876 548
.39 .001 929 .79 .439 505 1.19 .882 258
.40 .002 808 .80 .455 857 1.20 .887 750
.41 .003 972 .81 .472 041 1.21 .893 030
.42 .005 476 .82 .488 030 1.22 .898 104
.43 .007 377 .83 .503 808 1.23 .902 972
.44 .009 730 .84 .519 366 1.24 .907 648
.45 .012 590 .85 .534 682 1.25 .912 132
.46 .016 005 .86 .549 744 1.26 .916 432
.47 .020 022 .87 .564 546 1.27 .920 556
.48 .024 682 .88 .579 070 1.28 .924 505
.49 .030 017 .89 .593 316 1.29 .928 288
.50 .036 055 .90 .607 270 1.30 .931 908
.51 .042 814 .91 .620 928 1.31 .935 370
.52 .050 306 .92 .634 286 1.32 .938 682
.53 .058 534 .93 .647 338 1.33 .941 848
.54 .067 497 .94 .660 082 1.34 .944 872
.55 .077 183 .95 .672 516 1.35 .947 756
. 56 .087 577 .96 .684 636 1.36 .950 512
.57 .098 656 .97 .696 444 1.37 .953 142
.58 .110 395 .98 .707 940 1.38 .955 650
.59 .122 760 .99 .719 126 1.39 .958 040
. 60 .135 718 1.00 .730 000 1.40 .960 318
.61 .149 229 1.01 .740 566 1.41 .962 486
.62 .163 225 1.02 .750 826 1.42 .964 552
.63 .177 753 1.03 .760 780 1.43 .966 516
.64 .192 677 1.04 .770 434 1.44 .968 382
.65 .207 987 1.05 .779 794 1.45 .970 158
.66 .223 637 1.06 .788 860 1.46 .971 846
.67 .239 582 1.07 .797 636 1.47 .973 448
.68 .255 780 1.08 .806 128 1.48 .974 970
71
TABLE 1 4 - - C o n t i n u e d
ab le  o f  L(z)
z . L(z) z L(z) z L(z)
1.49 .976 412 1.89 .998 421 2.29 .999 944
1.50 .977 782 1.90 .998 536 2.30 .999 949
1.51 .979 080 1.91 .998 644 2.31 .999 954
1.52 .980 310 1.92 .998 744 2.32 .999 958
1.53 .981 476 1.93 .998 837 2.33 .999 962
1.54 .982 578 1.94 .998 924 2.34 .999 965
1.55 .983 622 1.95 .999 004 2.35 .999 968
1.56 .984 610 1.96 .999 079 2.36 .999 970
1.57 .985 544 1.97 .999 149 2.37 .999 973
1.58 .986 426 1.98 .999 213 2.38 .999 976
1.59 .987 260 1.99 .999 273 2.39 .999 978
1.60 .988 048 2.00 .999 329 2.40 .999 980
1.61 .988 791 2.01 .999 380 2.41 .999 982
1.62 .989 492 2.02 .999 428 2.42 .999 984
1.63 .990 154 2.03 .999 474 2.43 .999 986
1.64 .990 777 2.04 .999 516 2.44 .999 987
1.65 .991 364 2.05 .999 552 2.45 .999 988
1.66 .991 917 2.06 .999 588 2.46 .999 989
1.67 .992 438 2.07 .999 620 2.47 .999 990
1.68 .992 928 2.08 .999 650 2.48 .999 991
1.69 .993 389 2.09 .999 680 2.49 .999 992
1.70 .993 823 2.10 .999 705 2.50 .999 9925
1.71 .994 230 2.11 .999 728 2.55 .999 9956
1.72 .994 612 2.12 .999 750 2.60 .999 9974
1.73 .994 972 2.13 .999 770 2.65 .999 9984
1.74 .995 309 2.14 .999 790 2.70 .999 9990
1.75 .995 625 2.15 .999 806 2.75 .999 9994
1.76 .995 922 2.16 .999 822 2.80 .999 9997
1.77 .996 200 2.17 .999 838 2.85 .999 99982
1.78 .996 560 2.18 .999 852 2.90 .999 99990
1.79 .996 704 2.19 .999 864 2.95 .999 99994
1.80 .996 932 2.20 .999 874 3.00 .999 99997
1.81 .997 146 2.21 .999 886
1.82 .997 346 2.22 .999 896
1.83 .997 533 2.23 .999 904
1.84 .997 707 2.24 .999 912
1.85 .997 870 2.25 .999 920
1.86 .998 023 2.26 .999 926
1.87 .998 145 2.27 .999 934
1.88 .998 297 2.28 .999 940
